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∗
RTSVU*WYXZ\[^]`_aWbVcedgfh_jilkPXfinmofh_jWY_epqdrfq_aink
s X,pqt`pufqUvWYXvpwilWYmVcjX*xoXvp
y{zhir|}X*fhp~ dr_aWdrk
drmVmCinzqf s XzhXvwSVXvzhwSVXk{r,[^ignX*W%VzhXnnn[^mdnnXp
`$8CNdnkp{wX zhdnmVmCinzqfvkVinbp)mzqpuXvklfhinkp$c¡  X*x`fqX*kpu_aink\drb s inWdr_akVXfqXvW\mCinzhX*c s XTced¢W\*fqSVi s X
W%bVcjfq_am£lcjXTzdrmV_ s XTcadnzqlX*WYX*kf$bofq_acj_epq*X s dnkp$cjX s ilWYdn_jkX¤¥zhv¦bVXvkfq_aX*comCinbVz{caXvp$v¦bdrfq_ainkp
_akfqvnzdrcaXvpv§
¨ kwSVX*zwSVX©zqpuilb s zhXcA  v¦bdrfq_aink s Xpªilk s XpªXvkdnw*inbpufq_e¦bVX s dnkpªcaX s inWdr_akVXfhX*WYmCinzhX*c©,c¡  dn_ s X
s   bVkX¤¥ilzqW%bVcadrfq_aink_akfqvnzdrcaXNpv  dnmVmVbVtdrkfpqbVzTbVkWdr_acacadnnXNpqbVzq¤@dnw*_a¦bVX s XNc¡  ino|}X*f s _j«zhdlw3fhdnkfv§ ¨ k
bVfq_acj_epuX¢cedWYfhSVi s X s _jfqX s Xvp mCirfhX*kfq_aX*cep zqX*fhdrz s p¦bV_XvpufwinkkbXNmCinbVzT¬*fqzhXNmVzhvw*_apqXn_akwilk s _jfq_ainko­
kX*cacjXvW\XvkfpufhdnVcjXlWYdn_ap¢dnphpqX*®%w*in¯ofhX*bpqXn§°)dWYfhSVi s X%W%bVcjfq_am£lcjXYzdrmV_ s X,fhX*WYmCinzhX*cacjXYpuX%mVzhinmCilpqX
s   dlw*wvcjvzqXvzwXfqfqX¤¥ilzqW%bVcadrfq_ainkmdrz s Xp fqXwSVkV_e¦lbXvppv  _akpqmV_jzdrkf s XcedY±
²:²³¤¥zhv¦bVXvkfq_aX*cacjXl§
´¶µ·¸¹nº¥`K»WYfqSi s XWbc¼fh_jmC£ncaX%zdrm_ s Xl s inWdr_akVXfhX*WYmilzqXvcA¦lbdgfq_ainkp_aklfh*lzhdncjXp*v¦bdgfh_jilk
s XvpTink s XvpvVdnw*inbpufq_e¦bVXnomCirfhX*kfq_aX*cepTzqX*fhdnz s p
½¾À¿A¿A¾ÁÀ¿¡ÂÃ¾ÄÅeÄÆ ¿oÇeÈ É3ÊvËA¾À¿ÃÈ ÂÌÎÍ}É3Ì*¿AÏ¡Äh¿Ä}Ð¾uÍCÑÒ$Ó{ÔÎ½Õ½Ö{×ØuÙÕÏ@Â¾CÚÄÛA¿A¾uÂÏu×Ü3ÙØuÝ3Ù
ÔvÂÏ@¾}Û¡Ì¾}Û½¾}Ã¾ÀÞl×qßÖÕÒ$à
½Ñ
∗
½IÑÖ)áâ@½IÔãhâ¥à)ÖÕâäÒª×råæÜ3ç×ßoè¥é3ê3Ü3é3ÙÔvÉ3ÚëÆìÄhèäÒ$Ì¿¡ÆíÚrÉ3ÇíÆíÛ)½¾}Ã¾ÀÞl×gî3ÂÆíÇíÇìÄÂï¾3ð ÛAñvÇ Ð3ÄÌÃrò$ÛAÉ3ÚëÆìÄð ÆíÌÏ@ÆìÄð ÅjÏ
  , $	 	* 
	 P  "#$$	* $2 +. )#)'
($,
	"* )	v 
2 6 	*9 ³9 	*³/ '"$	*-:"* /1 $2
	 v·
V¹n·nÀk fqSV_ep s iowbVWYX*kf X:mVzhXvpqX*kf'fqSVX Xx`fhX*kpq_jilk fqi fqSX5fh_jWYX s inWdn_jk»ir¤,fhSVX:¤@dlp}f
W%bVcjfq_amilcjXPWYXfhSVi s _ s X*catFbpqX s _jk fqSVX'¤¥zhXv¦bVXvkwt s ilWYdn_jk ¤¥inzY_aklfhX*lzhdncX¦lbdgfq_ainkp*§ X dnkf
fhi pqincanXfqSVXTdnXXv¦bdgfh_jilkF_ak dlwinbp}fh_aw_jk fqSVX'fh_jWYX s inWdn_jk bpu_akV8drk _jkfqXvnzdrc¤¥inzhWbVcedgfh_jilk
dnpqX s inkKdpubVzq¤@dnw*_awWYXpuSKin¤
fqSVX\pqwvdgfufhX*zh_jkino|}Xw3fv§ XbpuXfhSVXzhXfdrz s X s mCirfhX*kfq_edrcepWYXfhSVi s 
S_awS%_ap`kVikfqiXdlw*wbzhdrfqXngbkwilk s _jfq_ainkdncjcat,p}fdrVcaX Vbofª¦bV_jfqXTXxomCX*kpq_jlXn§$RTSVX fq_aW\X s ilWdr_ak
¤@dlp}fTWbc¼fh_jmCincaXW\X*fqSVi s _aklfhX*k s pªfhipumCX*X s bVmfqS_ap ¤¥ilzqW%bVcadrfq_aink_jfqSfqXwSVkV_e¦bVXvpT_akpqmV_jzhX s `tfqSVX
¤¥zhXv¦bVXvkwt s inWdr_akP±
²:²8§
¸µ 
!$n¤@dlp}f
Wbc¼fh_jmCincaXWYX*fqSVi s fh_jWYX s inWdr_akIg_akfqX*lzhdncnX¦lbdgfq_ainkp*"TdnXÎX¦lbdgfq_ainkÕdlwilbp}­
fh_awnVzhXfhdnz s X s mCirfhX*kfq_edrcep
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¨ kpv  _akfqvzqXpqpqX©cedzqpuilcjbVfq_aink s Xvpªv¦bdrfq_ainkp s Xc¡  dlwinbp}fh_a¦bVX s drkp{caX s inWdr_akVXTfqXvWYmilzqXvc`_ad
bkVX ¤¥inzhWbVcedgfh_jilk,_jkfh*nzdrcaX dnpq*XTpubz$bk%Wdr_acacadnnXTpubVzq¤@dnw*_a¦bVX s XTcA  inV|}Xf s _j«Czdnwfhdrkf§°)d¢W\*fqSVi s X
s Xvp$minfqXvklfh_jXvcap
zhXfdrz s vp3254a76¡4av86:9)bofq_aca_apq*XwilWYW\X mCin_aklf s X s vmdrzqf s XkirfqzhX fqb s XTmVzqpuXvkfqX s Xvp
mzqilmVzq_afhvpzqXvWYdnzh¦bdnVcaXvp s X%mVzhvw*_apq_ainkKX*f s X\pufhdnV_jca_jfqn§<;{k5mdrzqfq_ewbcj_aX*zcadW\*fqSVi s XYk`bVWY*zh_e¦lbX
2@WY_apqXXvk>=bV`zqX s drkpcjXp,cainn_ew_aX*cep,_ak s bp}fhzq_aX*cep s   ;@?N¢]9%Xp}f_akw*ink s _jfq_ainkkVX*cacjXvWYX*kf\pufhdnVcjX4í86¡
w*inkfqzdr_azhX*WYX*kf©\w*X¦lb_IXvpufwinbzhdnW\WYXvklfilpuXvzql s drkpw*XNf}t`mCX s Xzhvdrca_epqdrfq_aink4av6¡§
°ÕXputopufqUvW\Xca_akVvdn_jzhX_aphpqb s XwX*fufhX,WY_apqX,X*k=¦bdgfh_jilkPpqX,zhvpqinbofmdrzbVkX,WYfqSi s X,mdnp©mdnp
XvkfhX*WYmp _jWYmVca_e¦lbdrkfT©%wSdn¦bVXNmdnp s XNfqXvW\mp s   bVkXNmdnzuf s Xw*drcewbcjXvzc¡  _akAbX*kw*X s Xp minfqX*kfh_jXvcap
pqbVzq¤@dnw*_a¦bVXpÎ_epqpqbp s bmdnphpu¢pubVz cedpufqzhbw3fhbVzqXl s   dnbofqzhXmdrzqf s   _jk`lX*zpuXvzªbVk'putopufqU*WYX¢cj_akVdr_azqX¢wzhX*box
mCinbzÎdrCinbofh_jz{drbVxminfqXvklfh_jXvcap
mzqpuXvklfp*§r°ÕXTmVzqXvWY_jXvz$mCin_akf{XvpufÎcjXTmVcabp{wil¯ofqXvboxXvkfhX*zhW\X s XTfhX*WYmp
s X,w*drcewbcA§BkVX_ s *XkdrfqbVzhX*cacjXmCinbVzX*k=dnwvw*ca*zhX*zTcaX s *zhinbcjXvW\XvkfpqX*zdr_jf s   d s dnmofqXvzdrbfqX*WYmCinzhX*c
ced%W\*fqSVi s XW%bVcjfq_am£lcjXzdrmV_ s XwinbzhdnW\WYXvklfTbofh_jca_apq*XmCinbVzdlw*w**ca*zhX*z cad%zqpuilcjbVfq_aink s XvpTv¦bdrfq_ainkp
_akfqvnzdrcaXvp s drkpcaX s ilWYdn_jkX¤¥zhv¦bVXvklfh_jXvcA§)°ÕdW\*fqSVi s Xy RC254a*ZD6¡@4 Z6 @4a76:9¢Xvpufcad'mVzhX*WY_aU*zhX
dnmVmVca_awvdgfh_jilk s Xw*XfufhX_ s *Xn§
inbpmzqpuXvklfhinkp_ew_ªcA  d s dnmofhdrfq_aink s XcedPWYfqSi s XWbVcjfq_am£lcjXzhdnmV_ s X\mzqpuXvklfh*X s dnkpE4av86©
cedW\*fqSVi s X s XpNmCirfhX*kfq_aX*cep¢zqX*fhdnz s p*§ ¨ k:XpumCU*zhXYdr_akpu_{w*inW_jkVXvzNcaX\W\Xv_jcacaX*bVz s Xp s X*boxKWYink s Xvp
Xvk|}il_jlkdrkf©ced¤¥in_epTcad\p}fdrV_aca_¼fh¢_akw*ink s _jfq_ainkkVX*cacjX s Xp minfqX*kfh_jXvcapTzhXfdrz s vpXfced%`_jfqXpqpqX s XNfhzhdn_¼­
fhX*WYX*kf s X=ced8WYfhSVi s X=WbVcjfq_amC£ncaX=zhdnmV_ s Xn§~X=zdrmVmCinzqfp*  inzhldnkV_apqX'X*k fqzhin_epYmdrzqfq_aXvpv§Î¢drkpbk
mzqXvW\_aX*zTfhX*WYmpkVinbpTmzqpuXvklfhinkppqbwvw_akw3fhX*WYX*kfcedYWYfqSi s X s XvpmCirfhX*kfq_aX*cepzhXfdrz s vpTXvkPdlwilbp}­
fh_a¦bVXl§INdnkpcedpqXvw*ink s X\mdnzufh_jXlkVinbp¢_akfqzhi s bV_apqinkpNced'WYfqSi s X\W%bVcjfq_am£lcjX\fqXvWYmilzqXvcjcaXd s dnmofqvX
dnbwvdnp s   bVk'ino|}X*fTzh_an_ s Xn§oilbp s *fhdr_acacjilkp bVkV_e¦lbX*WYX*kfcaXvp kVinbnXvdnbofqp mdrzTzdrmVmCinzqfT©\cedY±
²:²
¤¥zhv¦bVXvkfq_aX*cacjXlbVkX%wilkVkdn_aphpqdnkwX s X%w*XfufhX s Xvzqk_jUvzqX%Xvpuf s ilkwpqinbVSdr_jfhdrcjXF2G4 6¡H4 6 4av86:93§<;{kIkI
kinbp s inkkVinkp ¦bVX*ce¦bVXvpzhvpqbVc¼fdgfpÎmVzh*ca_jWY_akdr_azhXvp_aphpubp s bmVzqXvWY_jXvzmVzhirfhirf}t`mCX s   _jWYmVca*WYXvklfdgfh_jilk
s Xw*XfqfqXWYfhSVi s Xn§
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¨ k8puX s ilkVkVXYbVk ino|}X*f
Ω
s X¤¥zhinkfh_jUvzqXYdrpqinzhdnklfhX
Γ
s   _aWYm s drkwX
η
pqX%fhzqilbVgdrkf s drkpbVk
AbV_ s Xm2 s XNc¡  dr_azªcaXNmVcabpTpqinbVlX*kf*9§ ¨ kkirfqX
c
cedw**ca*zh_¼fh s Xpªilk s Xvp s X¢mVzhXvphpu_aink s dnkp wX"AbV_ s Xn`Xf
~n
cad\kVilzqWdrcaXbVkV_jfhdn_jzhXpuilzufdrkfqX¢X*k'fqilbofmCin_aklf s Xced%¤¥zqilkfq_aU*zhX
Γ
s Xc¡  ino|}X*fv§
¢drkpÕcjX s inWdr_akVX{kVilkilzqkV{X*x`fq*zh_aX*bVz
Ω+
vinkwSVXvzhwSVX{©Tzhvpqinb s zqX
caXÎmVzhinVcaU*WYX
(P+)
pubV_agdrkfTn
fhzqilbVnXvz
u+(x,t)
fhX*cÕ¦bVX
Ö)ÖÌoÝ3éØ$p
Z  8D&j
(P+)



















∆u+ − 1
c2
∂2u+
∂t2
= 0 dans Ω+ × 	 +,
∂u+
∂n
− 1
cη
∂u+
∂t
= −
(
∂uinc
∂n
− 1
cη
∂uinc
∂t
)
sur Γ× 	 +,
u+(x,0) = 0 dans Ω+
∂u+
∂t
(x,0) = 0 dans Ω+
?w*X\mzqilVcjUvWYX
(P+)
Iilk wSin_epu_jf s   dlpqpqiow_aX*zcjXYmVzhincjUvW\X
(P−)
s drkpcjX s ilWYdn_jkX\_akfqvzq_aX*bVz
Ω−
s IkV_ImdnzTn`fhzqilbVnXvz
u−(x,t)
fhX*cÕ¦bVX
(P−)



















∆u− − 1
c2
∂2u−
∂t2
= 0 dans Ω− × 	 +,
∂u−
∂n
+
1
cη
∂u−
∂t
= −
(
∂uinc
∂n
+
1
cη
∂uinc
∂t
)
sur Γ× 	 +,
u−(x,0) = 0 dans Ω−
∂u−
∂t
(x,0) = 0 dans Ω−
¨ kPkVinfqX
Φ
X*f
p
caXvpphdrbVfhp s XpTfqzdnw*XvpfhdnkVnXvklfh_jXvcjcaXvp s X
u
Xf s X
∂u/∂n
`mVcabpX*xodlw3fhX*WYX*kfTn





Φ(x) = u−|Γ(x) − u
+
|Γ(x) x ∈ Γ,
p(x) =
(
∂u−
∂n
)
|Γ
(x)−
(
∂u+
∂n
)
|Γ
(x) x ∈ Γ
¨ kP_aklfhzqi s b_¼fcaXvpilmvzhdrfqX*bzhpTpqbV_jgdnklfpgn

























Sp(x,t) =
1
4π
∫
Γ
p(y,t− |x− y|/c)
|x− y| dy,
Kp(x,t) =
1
4π
∫
Γ
∂
∂nx
p(y,t− |x− y|/c)
|x− y| dy,
K ′Φ(x,t) =
1
4π
∫
Γ
∂
∂ny
Φ(y,t− |x− y|/c)
|x− y| dy,
DΦ(x,t) =
1
4π
∮
Γ
∂2
∂nx∂ny
Φ(y,t− |x− y|/c)
|x− y| dy
2}79
p
X*f
Φ
puilkfdncjilzhpTpqincabofq_ainkp s drkp
Γ× 	 + s X@n







(Kp−DΦ) + 1
2cη
∂Φ
∂t
= −∂uinc
∂n
∂
∂t
(Sp−K ′Φ) + cη
2
p = −∂uinc
∂t
2A 9
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;{k8¤¥zhv¦bVXvkfq_aX*c¡Iink8inmCU*zhXcaXwSdrkVlX*WYX*kf s Xgdnzq_edrVcaX
λ = −p/ik = c.p/(−iω) dDIk s   SVir­WYiln*k*_epuXvzcjXpgdnzq_edrVcaXvpXf s X%pqt`W\*fqzh_apqX*zNcjX\putopufqUvW\Xl§C°ª  ilmvzhdrfq_aink s X s _a_epq_jilkKmdrz −iω s dnkpcaX s inWdr_akVX%¤¥zq¦bVX*kfq_aX*c
¦lb_jgdrbVf¢Xvk:fhX*WYmilzqXvc{©bVkX%_akfq*lzhdrfq_ainkI§°IXYwSdnkVnXvW\Xvkf s X\gdrzh_adnVcaX
¦bV_jgdncjXvklfpv  wzh_¼f s ilkw n







P(x,t) = c
∫ t
0
p(x,τ)dτ
p(x,t) =
1
c
∂P
∂t
(x,t)
2@9
~ilW\WYX
p
X*f
Φ
 P(x,t) Xp}fbVk_¼¤¥ilzqWY*WYXvklfk`bVcacaX,milbVzTfqilbof t ≤ 0 §]`_ s drkp2A 9 ilkPzqXvW\mcadlwX
p
mdnz P oXf¦bVXc¡  ilkW%bVc¼fh_jmcj_aXcad\mVzhX*WY_aU*zhXv¦bdgfh_jilkmdrz −c oink'inVfq_aX*kfTn







cDΦ−K ∂P
∂t
− 1
2η
∂Φ
∂t
= c
∂uinc
∂n
∂
∂t
(S
∂tP
c
−K ′Φ) + η
2
∂tP = −
∂uinc
∂t
hji
hji   µ 
g5Õº o·¥µ 	 	 º 
¢drkp)wX*fufqX
¤¥ilzqW%bVcedgfq_ainkÕ ∂uinc
∂n
Xf ∂uinc
∂t
puilkfIcjXp s inkkV*Xp s bmVzhinVcaU*WYXl§°ÕdTmVzhX*WY_aU*zhX{v¦bdgfh_jilk
Xp}fTfhXvpufq*X,dlXvw ∂Ψ
∂t
Vink'inVfq_aX*kfTn
−
∫


∫
Γ×Γ
∂
∂nx
∂tP(y,t− |x− y|/c)
4π|x− y|
∂Ψ
∂t
(x,t)dxdydt
−1
c
∫


∫
Γ×Γ
~n(x).~n(y)
4π|x− y|
∂2Φ
∂t2
(y,t− |x− y|
c
)
∂Ψ
∂t
(x,t) dxdydt
−c
∫


∫
Γ×Γ
1
4π|x− y|
~rotΓΦ(y,t−
|x− y|
c
) ~rotΓ
∂Ψ
∂t
(x,t) dxdydt
− 1
2η
∫


∫
Γ
∂Φ
∂t
(x,t)
∂Ψ
∂t
(x,t) dxdt
=
∫


∫
Γ
c
∂uinc
∂n
(x,t)
∂Ψ
∂t
(x,t) dxdt
2¥ZX9
y$inbzcadpqXvw*ink s X¢v¦bdrfq_ainkIoilkPbofq_acj_epqX¢ced\¤¥inkw3fq_ainkfqXp}f
q
ink'inofh_jXvklfn
1
c
∫


∫
Γ×Γ
1
4π|x− y|
∂2P
∂t2
(y,t− |x− y|/c)q(x,t)dxdydt
−
∫


∫
Γ×Γ
∂
∂t
∂
∂ny
Φ(y,t− |x− y|/c)
4π|x− y| q(x,t)dxdydt
+
η
2
∫


∫
Γ
∂tP(x,t)q(x,t) dxdt
=
∫


∫
Γ
−∂uinc
∂t
(x,t)q(x,t) dxdt
2A 9
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hji
hji   ¥¹ 
g·@ o· ¥µ
hji
hji Ti
h   · `$ ¨ kKpqX s inkVkXmilbVzcedYzqpuilcjbofh_jilk s X,wX,mzqilVcjUvWYXbVkPmdnp s XfqXvW\mp
∆tX*fmilbVz
n ≥ 0 ink'kVirfhX tn = n∆t § ¨ kbVfq_acj_epuX,dncjilzhp bVkX s _aphwzhfh_aphdgfh_jilkyXvkfhX*WYmpv§°ÕXvp ¤¥inkw3fq_ainkp s XdnpqXvppqinkfkVinfq*Xp
γn(t)
2
n ≥ 1 9X*fpuilklf s IkV_aXvppqbVzced InbVzhXYn§
0
t tn n+1 ttn−1
1

	)3#$@ !& (!.
&
γn
¨ k s IkV_jfX*kPinbofhzqX¢ced\¤¥inkwfq_aink
χn(t)
2
n ≥ 0 9 s ilklfcaXnzdrmVSXNXp}fzhX*mVzhvpqX*kfh)IlbVzhXV§
1
0
t tn−1 n t

	3#$@ !& (!.
&
χn
¨ k=dYdrcainzpgn







∂γn
∂t
=
1
∆t
[χn − χn+1]
∂2γn
∂t2
=
1
∆t
[
δtn+1 − 2δtn + δtn−1
]
hji
hji Ti    ` V¹  ¨ k pqXmVzhinmCilpqX s Xzqpuilb s zhXc¡  ¦lbdgfq_aink X*kFXpumdlwXmdrz\bVkVX'W\*fqSVi s X
s   vcjvW\Xvkfhp IkV_ap¢pqbVzu¤@dlw_e¦bVXvpv§°ÕdpubVzq¤@dnw*X
Γ
s X%cA  inV|}XfXp}f¢WYdn_jcaca*X©c¡  dr_ s X s   bVkVXfqzh_adnkVnbVcedgfh_jilk
Th
w*inWYmilzufdrkf
NT
vcjvWYX*kfhpfqzh_edrkVlbVcadn_jzhXvpXf
NS
puilWYW\X*fhpv§y)ilbVz'cad ¤¥inkwfq_aink
Φ(x,t)
2@¦bV_
zhX*mzqpuXvklfhXcjX%pqdnbof s X,mzqXpqpq_jilk93ink=bofh_jca_apqX,bVkX s _epqw*zq*fq_epqdrfq_aink=y,Xvk=Xvpqmdnw*Xn§C~Sdn¦bVX¤¥ilkw3fh_jilk
s X%dlpuX
ϕi
dnXvw
1 ≤ i ≤ NS
Xvpufdlpqpqiow_a*X\©bVk puilWYW\X*f
Si
2Aw3¤}§ IlbVzhX%rj93XfX*cacjXYXp}f s !IkV_jX
mdrzTn
{
ϕi(Sj) = 1
pu_
i = j
X*fYpu_akVink
ϕi
Xp}fy,pubVzwSdn¦bVXNfqzh_adnkVncaX
?_jkpq_¡ s drkpTbVk'fqzh_adnkVncaXn
ϕj(M)
Xp}fcedYwi`inz s inkkV*X¢drzhtowXvklfhzq_e¦bVX s X,²7pqbVzcaX,puilWYW\X*f
j
§
â¥à$ÖIâäÒ
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Tj
0
10
0
  ÄÇíÁ}ï¾}Ì*¿AÛÕæCé
S j
1
O
O
O
O
O
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y$inbz\ced:¤¥inkwfq_aink
p(x,t)
2@¦bV_zhX*mVzhvpqX*kfhXcaX'phdrbof s X'cad s vzq_anvXkVilzqWdrcaX s XmzqXpqpq_jilk93$ink
bVfq_acj_epuX¢bVkVX s _epqw*zq*fq_epqdrfq_aink
P0
pubVzwSdl¦bVXfhzq_edrkVlcjXl§°ÕXvpª¤¥inkwfq_ainkp s X¢dlpuX¢puXvzqilklf kVirfh*Xp
pj
dnXw
1 ≤ j ≤ NT
§~XvpT¤¥ilkw3fh_jilkppqinkfw*inkpufhdnklfhXvpmdrzfhzq_edrkVlcjXlVgdrcedrkf,pqbVzcaXfqzh_edrkVlcjX
Tj
XfNpqbVz
fhinbpTcaXvpdnbofqzhXvp 2Aw3¤}§InbVzhXnd9§
hji
hji Ti   µ· o·¥µ ¨ k'kVirfhX,drcainzpgn









Φ(x,t) =
∑
1≤j≤NS
∑
m≥1
amj γm(t)ϕj(x)
P(x,t) =
∑
1≤j≤NT
∑
m≥1
bmj γm(t)pj(x)
y$inbzTfqinbVfqX s drfqX
m ≥ 1 oinkPkVinfqX Am Xf Bm cjXpTnXvwfqXvbVzhppqincabofh_jilkpT©%ced s drfqX tm n



Am =
[
amj
]
1≤j≤NS
Bm =
[
bmj
]
1≤j≤NT
;{kIkIilkmzqXvk s milbVzT¤¥inkwfq_ainkfqXp}fcaXvp ¤¥ilkw3fh_jilkp
Ψ
X*f
q
s IkV_aXvpmdnzTn



∂Ψ
∂t
(x,t) = χn(t)ϕi(x)
q(x,t) = χn(t)pi(x)
Ö)ÖÌoÝ3éØ$p
   8D&j
hji
hji  !e  µ 	 · 
 	  ! 
y{ced
*inkp,kVinbp s drkpbk mzqXvW\_aX*zfhX*WYmp s drkpcaXw*dlp s   bVk8ino|}X*f
Ω
zh_jl_ s Xn§I¢drkp,w*Xw*dlp*caXvp
fhX*zhWYXvpTi P X*f η _aklfhX*zh`_jXvkVkVX*kf s _epumdrzdr_epqpqX*kfv`X*fcjX,pqtop}fhU*WYXp*  vw*zq_jfTn
−1
c
∫


∫
Γ×Γ
~n(x).~n(y)
4π|x− y|
∂2Φ
∂t2
(y,t− |x− y|
c
)
∂Ψ
∂t
(x,t) dxdydt
−c
∫


∫
Γ×Γ
1
4π|x− y|
~rotΓΦ(y,t−
|x− y|
c
) ~rotΓ
∂Ψ
∂t
(x,t) dxdydt
= c
∫


∫
Γ
∂uinc
∂n
(x,t)
∂Ψ
∂t
(x,t) dxdt
Xvldnz s ilkp Wdr_aklfhX*kdnkfTcaXvp s _¼«*zhX*kfqXpWdgfhzq_ewXp_akfqXvzqlX*kdnklf s dnkpwXpqtop}fhU*WYXcj_akVvdn_jzhXn§
hji
hjii
h ´ o·
 ¥¹ `!$  
µ 	 º:lo  X*drz s inkpªcaX¢fqX*zhWYX s XldrbwSVXn`X*k'kVilbp zqXp}fhzqXv_jlkdrkf ©
cedY¤¥ilkw3fh_jilk s X,dlpuX
Φ(x,t) = ϕj(x)γn(t)
Xf©cad¤¥inkwfq_aink=fhXvpuf
∂Ψ/∂t(x,t) = ϕi(x)χm(t)
§ ¨ k
ilofq_aX*kfTn
−1
c
∫
Γ×Γ
~n(x).~n(y)
4π|x− y| ϕi(y)ϕj(x)
[
∫


∂2γn
∂t2
(t− |x− y|
c
)χm(t) dt
]
dxdy
−c
∫
Γ×Γ
1
4π|x− y|
~rotΓϕi(y) ~rotΓϕj(x)
[
∫

 γn(t−
|x− y|
c
)χm(t) dt
]
dxdy
~ilW\mVfqXfqXvk`b s Xvp s IkV_jfq_ainkp s X
γn
Xf
χm
Vced\mVzqXvWY_jUvzqX_aklfh*lzhdncjX¢X*kfqXvW\mp s X*`_aX*kfTn
∫


∂2γn
∂t2
(t− |x− y|
c
)χm(t) dt
=
∫


1
∆t
[
δtn+1 − 2δtn + δtn−1
]
(t− |x− y|
c
)χm(t)dt
=
1
∆t
[
χm(tn+1 +
|x− y|
c
)− 2χm(tn +
|x− y|
c
) + χm(tn−1 +
|x− y|
c
)
]
=
1
∆t
[
χ1(
|x− y|
c
− tm−n−2)− 2χ1(
|x− y|
c
− tm−n−1) + χ1(
|x− y|
c
− tm−n)
]
°)dgdncjXvbVz s XwX*fufhX_jkfqvnzdrcaX%kX s *mCX*k s ¦bVX s Xc¡  w*dnzufX*kfhzqXYcaXvp_ak s _ewXvp
m
Xf
n
 s dnkpcad
pqbV_jfqXTink\kVinfqX s inkw
k = m−n §r°ÕXfhX*zhWYX χ1(|x− y|/c−tk) dnbVzdÎ|}bpufqXmCinbz{X«Xf s XTzhXvpufqzhX*_ak s zhXc¡ V_akfq*lzhdncjXpqbVz
Γ× Γ dnboxgdrcaX*bVzp s X x Xf y n*zh_Idrkf |x− y|/c ∈ [tk,tk + ∆t] §°)d\pqXvw*ink s X¢_akfqvnzdrcaXNXvkfhX*WYmppv  vwzh_jfTn
∫

 γn(t−
|x− y|
c
)χm(t) dt =
∫ ∆t
0
γ1(t + tk −
|x− y|
c
)dt
â¥à$ÖIâäÒ
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γ1
*fhdrkf\kVink k`bVcacjXX*kfqzhX
0
X*f
2∆t
$wXfqfqX_jkfqvnzdrcaXpuXvzhdKkVink k`bVcacjXmilbVz,fhinbofhXgdrcaX*bz s X
t′ = tk − |x− y|/c
wilWYmVzq_epqXNXvklfhzqX −∆t X*f 2∆t oXfXvcjcaXdnb s zd n













1
2∆t
(t′ + ∆t)2
pq_
t′ ∈ [−∆t,0] 2%InbVzhXZld9
1
2∆t
((t′ + ∆t)2 − 3t′2) pu_ t′ ∈ [0,∆t] 2%IlbVzhX¢Zl9
1
2∆t
(2∆t− t′)2 pq_ t′ ∈ [∆t,2∆t] 2:InbVzhXZlw79
t’+ t∆
0
t−∆ t’ t∆ t2∆
1
  Ä
−∆t ≤ t′ ≤ 0
t’+ t∆t’
0
t−∆ t∆ t2∆
1
  Ê 
0 ≤ t′ ≤ ∆t
t’+ t∆t’t−∆ t∆ 2∆t
1
  Í
∆t ≤ t′ ≤ 2∆t
 
	 CZ -&0 D# m 
γ1
!&# 
t′
!
t′ + ∆t
±$_akdrcaX*WYX*kf*inkilofq_aX*kfÕ¦bVX{caX{fqXvzqWYX s   _jkfhX*zdnw3fh_jilkNXvkfqzhX{cjXp¤¥inkwfq_ainkp
ϕj(x)γn(t)
Xf
ϕi(x)χm(t)kX s *mCX*k s ¦bVX s X
(i,j)
XvkXvpqmdlwXX*f s X
k = m−n X*kfhX*WYmpv§ ¨ kkVinfqX Mk ced,Wdgfhzq_ewX s Xfhdn_jcacjX
NS × NS
inofhX*k`bVXn§ ;{k s *lX*cainmVmdnkfcjXpX*xomVzqXpqpq_ainkp,w*_¼­ s XpqpqbpvÕinkFfqzhinbVlXcad:gdrcaX*bVz\pubV_agdrkfqX
mCinbzcA  *ca*WYX*kf
(i,j)
s Xcad\Wdgfhzq_ewX
Mk
n
Ö)ÖÌoÝ3éØ$p
  8D&j
Mkij = −
1
c∆t
(
∫ ∫
tk≤
|x−y|
c
≤tk+1
~n(x).~n(y)
4π|x− y| ϕi(x)ϕj(y)dxdy
−2
∫ ∫
tk−1≤
|x−y|
c
≤tk
~n(x).~n(y)
4π|x− y| ϕi(x)ϕj(y)dxdy
+
∫ ∫
tk−2≤
|x−y|
c
≤tk−1
~n(x).~n(y)
4π|x− y| ϕi(x)ϕj(y)dxdy
+
∫ ∫
tk≤
|x−y|
c
≤tk+1
~rotϕi(x) ~rotϕj(y)
4π|x− y|
c2
2
(tk+1 −
|x− y|
c
)2
+
∫ ∫
tk−1≤
|x−y|
c
≤tk
~rotϕi(x) ~rotϕj(y)
4π|x− y|
c2
2
(2∆t2 − (tk −
|x− y|
c
)2 − (tk−1 −
|x− y|
c
)2)
+
∫ ∫
tk−2≤
|x−y|
c
≤tk−1
~rotϕi(x) ~rotϕj(y)
4π|x− y|
c2
2
(tk−2 −
|x− y|
c
)2
)
]`_
k < 0
ÎcaXvp s inWdr_akVXvp s   _akfqvnzdgfq_aink pqinkf`_ s XpX*f
Mk
Xvpufk`bVcacjX@nwX*ced fqzd s bV_¼fcjX=¤@dn_¼f
¦bVXPced5¤¥inkwfq_ainko­¡fqXp}f
ϕi(x)χm(t)
kI  _jkfhX*zdrn_jfYmdnpdlXvwcjXp\¤¥inkwfq_ainkp
ϕj(x)γn(t)
¦lb_cjbV_Npuilklf
mCilpufqvzq_aX*bzqX=Xvk fqXvW\mp 2
n > m
9§~N  XvpufbVkX:mVzhinmVzh_afq=XpqpqX*kfh_jXvcjcaXKmCinbVz'milbVnil_jzzqpuilb s zhX=cjX
pqtop}fhU*WYXnmVbV_eph¦lbÕ  XvcjcaXNgd%mXvzqWYX*fufqzhX s   bVfq_acj_epuXvzbkdrcanilzq_jfqSW\X s X¢zqpuilcjbofh_jilkmdlp©mdnp X*kfqXvW\mp*§
hji
hjii    `¹nµ !  o 	 
 °ÕXpuXwink s WYX*W%VzhXpv  vwzh_jfTn
Lni = c
∫
tn−1≤t≤tn
∫
Γ
∂uinc
∂n
(x,t).ϕi(x) dxdt
¢drkpw*XfqfqXY¤¥inzhWbcjXl
i
XvpufbVk5k`bVWYvzqi s XpqinWYWYXf 2
1 ≤ i ≤ NS
9NXf
n ≥ 1 Xvpuf,bVk5mdnp s XfhX*WYmpv§V]`_
uinc
wilzqzhXvpqmCink s ©bVkVX¢ink s X¢mVcedrkVXE#-#- & s XNced s _jzhXvwfq_aink
~r
2@XfTkVink'puXNmVzhinmdnnXvdnkf
s drkpcad s _jzhXvwfq_aink
~r
93drcainzp_ac$pv  vwzh_jf
uinc(x,t) = f(t − t0 + ~r. ~Ox/c)
i 
f
s fqXvzqWY_akVXcedY¤¥ilzqWYX
s bPpq_ankdnc 2@ldnbpqpq_aX*kIVpq_jk`bpqi s dncA§*§v§ 9 X*f
t0
dr|}bpufqXcadYmSdnpqXX*kfqX*WYmpv§ ¨ k=dYdrcainzpgn
∂uinc
∂n
(x,t) = ~n.~∇uinc(x,t) =
~n.~r
c
f ′(t− t0 +
~r. ~Ox
c
)
y
drzw*inkpqv¦bVXvkf
Lni
Xp}fwvdrcewbVcamdrzn
Lni =
∫
Γ
~n.~r [uinc(x,tn)− uinc(x,tn−1)] ϕi(x) dx
hji
hjii    Iv·lo º  ) 	 
 ?ÕlXvw{caXvpÕkVirfdgfh_jilkpIdr_akpq_ s IkV_aXvpvvcaXªpqtop}fhU*WYXÎca_jkVdr_azqX©zqpuilb s zhX
pv  vwzh_jfTn
∑
k≥0
Mk.An−k = Ln
2@9
â¥à$ÖIâäÒ
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/!0 l
? wSdn¦bVXmdnp s XfhX*WYmp
n > 0
ilkKw*dncaw*bVcjX%cjX%nXw3fqXvbVz
An
©mdrzqfq_az s b5puXwink s WYX*WzqX
LnX*f s XvpTlXvwfqX*bzhp
An−k
dnXw
k > 0
ilofqXvkbpdrboxmdnp s XfhX*WYmpmVzhvw* s Xvkfhpv§
An
p*  vw*zq_jfTn
An = (M0)−1
[
Ln −
∑
k>0
Mk.An−k
]
¨ k s _ep}fh_jknbVX¢fqzhin_epTmdnzufh_jXp s drkpw*XfqfqXv¦bdrfq_aink n
°IXfhX*zhW\X
Ln
zhX*mVzhvpqX*kfhXNc¡  ilk s X_akw_ s X*kfhX 2¥inbfqilbofqX,dnbofqzhX s inkkV*X89 
°IXfhX*zhW\X ∑
k≥1 M
k.An−k
zhX*mVzhvpqX*kfhXNced\mVzq_epqX¢Xvk=winWYmofhX s bPmdnphpu 
°IXfhX*zhW\X
M0.An
zhX*mVzhvpqX*kfhXNcaXmVzhvpqX*kfvV©Yw*dncaw*bVcaX*z s ilkwr§
y{S`topq_a¦bVXvW\XvkfvCcadY¤¥ilzqWYX s X%wX*fufhXv¦bdrfq_aink=pv  X*x`mcj_e¦bVXmdnzcaX,¤@dr_jf¢¦bVX%wX%¦bV_$puX%mdnphpqX,©cad
s dgfqX¢k 2  % 
An
9Xvpufcad\wilkpu¦bVX*kw*X s Xw*X¢¦bV_Ipv  Xp}fTmdlpqpqN©\ced s drfqX
n− k 23 %  An−k 9 pubVzTcaXvpvcjvWYX*kfhp¢pu_jfqbvp¢©bVkVX s _apufhdnkwX
k.c.∆t
§²=dgfhSV*Wdgfh_a¦bVXvWYX*kfvwX%cj_aX*k s X%w*dnbphdrca_¼fhXvpuf¢w*inkfqXvk`b
s drkpcaXvpWdrfqzh_aw*Xvp
Mk
§T;Îk X«Xfv
Mk
zhX*mzqpuXvklfhXYcjXp_jkfqXvzhdlw3fh_jilkpX*kfqzhXcaXvpvcjvW\Xvkfhppq_¼fhbVvp,©
bkVX s _ep}fdrkw*X ≈ k.c.∆t c¡  bVk s XcA  drbVfqzhXn§ ¨ k'mXvbofX*k s  s bV_azqX,¦bVX@n cjXp
(Mk)
puilkfªwzhX*bpqXvp`2Aw*dnzÎmilbVzÎbVkvcjvWYX*kf
e1
s inkkVnrcaXvpª*ca*WYX*kfp
e2
puXfhzqilbVgdrkfª©bVkVX
s _ep}fdrkw*X
k.c.∆t
s X
e1
kXw*inkpufq_jfqbX,¦lbÕ  bVkXN¤@dn_jcjXmCinzqfq_aink s bPWdr_acjcedrlX79 

M0
Xvpuf¢mVzhXvph¦bVX s _adnnilkdrcaX 2Aw*drzXvcjcaXYkVX%mzqXvk s Xvk5w*inWYmofqXYcaXvp¢_aklfhX*zdnwfq_ainkp s XpNvcjvWYX*kfhp
¦bI  dlXvwNX*box`­ WY¬*WYXvpTX*f*nXvkfqbVXvcjcaX*WYX*kfcaX*bVzpTmVzhi`wSXvpTnil_apq_akp 9 
 ?ÕlXvw¢bVkPk`bVWY*zhirfdgfq_ainkPd s drmofh*XnocaXvp
(Mk)
inkfbVk=dnpqmCXvw3fzhX*mVzhvpqX*kfh¢pqbVzcedmInbVzhXo§
M M M M1 20 n...

	 ' +  (  !+  E.#-
(*-+
Mk
]`_{ilk:kVinfqX° cjX s _edrWYUfhzqX s X\cA  inV|}Xf 2@wn§ ©§ s
L = max(x,y)∈Γ×Γ(|x − y|)
93ink wilkp}fdgfhX\¦bVX
Mk
XvpufNk`bVcacjX s Uvp¢¦bVX
k > 2 + L/c.∆t
§;Îk5X*«CX*fvink:ddrcainzp
tk−2 > L/c
§Cy
drzwilkpqv¦bVX*kf_ac
kÕ  X*x`_epufqXmdlp s XwilbVmVcaX
(x,y)
fqXvc)¦bVX |x− y|/c ≥ tk−2 §VcaX s ilWdr_akVX s   _akfqvnzdgfq_aink s XfhinbofhXvpcaXvp_akfqvnzdrcaXvpw*_¼­ s XpqpqbpNXvpuf s ilkw`_ s Xn§°IXp¢_jko¤¥ilzqWdrfq_ainkpNpuX s *mcad 
*drkf s drkpNc¡  XpumdlwX\©cedwvcjvzq_jfq
c
Cw*X\¦bV_
puX%mdnphpqX%pqbVz
Γ
©ced s dgfqX
t
kI  _akAbX*kw*X*zdmVcabp¢cA  dnXvkV_az s X%cA  XxomC*zh_jXvkwX\drb s X*ce© s X%cad
s dgfqX
(t + L/c)
§~N  Xp}fwX¦bV_XxomVca_a¦bVXcedk`bVcacj_jfq s XpTWYdrfqzh_aw*Xvp
Mk
milbVz pubphdrWYWYX*kfTnzdrk s §
°ÕX,putopufqU*WYXca_jkVdr_azqXmCX*bof s inkwpv  wzh_jzhX@n
∑
0≤k≤2+L/c∆t
Mk.An−k = Ln
Ö)ÖÌoÝ3éØ$p
  8D&j
°ÕXvpTmVzh_jkw_amdrcaXvp¦bdncj_jfqp s X,wX*fufqXWY_epuXXvk'¦bdgfh_jilk s bPmVzhincjUvW\XpqinkfTn
°IXpWdgfqzh_ewXvpTpqinkfcjXpWY¬*WYXvp©YwSdl¦bVXfhdnmXl§
 ;{cacjXppuilkfTXvkPkVinW%VzqX Ik_ noX*cacaXvppqinkfk`bVcjcaXvpTmCinbz
k < 0
inb
k > 2 + L/c.∆t
§
 ;{cacjXppuilkfw*zqXvbpqXvpgn
c¡  XvkpqX*WcjX s Xp
Mk
zhX*mVzhvpqX*kfhXX*k fhX*zhW\X s X=pufqiow gdrlXc¡  ¦bV_jgdncjXvklf
s   X*k``_jzhink'ZYWYdrfqzh_aw*XvpTmVcaX*_akVXp s XWY¬*WYX s _aW\Xvkpq_jilkI§
°Õd%WY¬*WYXNWdrfqzh_aw*Xm2
M0
9ªXvpufT_ak`nXvzhpq*X©\wSdl¦lbXfdrmCXn§oNX¢mcjbpv`X*cacjX¢Xvpuf ¤@dnw_acaX*WYX*kfT_jk`nXvzu­
pu_aVcaX@n`dnXvwTbkpuilcjlX*bVz_¼fh*zdgfh_¼¤IwilWYW\X ²= ilb²=`;ª]`ced,wilk`nX*zhnXvkwXXp}fªfqzhUvpzhdnmV_ s X
2@¦bVXvca¦bVXp s _a®vdr_akVXp s   _jfqvzhdrfq_ainkp mCinbVzNwink`lX*zhnX*z ©
10−8
9§
°IX,phwSV*Wd%Xvpuf_jkwink s _¼fh_jilkVkVXvcjcaX*WYX*kfpufhdnVcjX
hji
hji  ' )
Vº
XvnXvkVinkpTdnb'wvdnp nvkV*zdrc s   bVkPino|}X*fkVink'zq_an_ s X¢zqvn_jf mdrzcaXpqtop}fhU*WYXZr­}o§`°Õd%¤¥inzhWYXWYdrfqzh_¼­
w*_jXvcjcaXp*  vw*zq_jfTn









∑
k≥0
Mk.An−k + Nk.Bn−k = Ln
∑
k≥0
M̃k.An−k + Ñk.Bn−k = L̃n
¦bV_ImCX*bVf*ldncjXvWYX*kfp*  vw*zq_azqX[n
∑
k≥0
[
Mk Nk
M̃k Ñk
]
.
[
An−k
Bn−k
]
=
[
Ln
L̃n
]
~X\putopufqU*WYX%cj_akVvdn_jzhX s _epqmipuX s XvpNWY¬*WYXvpNmVzhinmVzh_j*fqpXfpuXzqpuilbof s X%cadWY¬*WYXWdrk_jUvzqX¦bVX
2A9§
K@L 	
 cT\"SGcdP:W"S$U WHYU5N[Z"V
inbp)mVzhvpqX*kfqilkp s drkp$wX*fufqX puXw3fh_jilk,bVkX*xoX*WYmVcaX s   drmVmcj_ew*drfq_aink s X cedWYfhSVi s X s Xvp)minfqX*kfh_jXvcap
zhXfdrz s vpv§ ¨ kFpv  _akfqvzqXpqpqX©=c¡  dlw3fq_aink s   bVkXink s XmVcednw*Xdnw*inbpufq_e¦bVXpubzbVkFilo|}Xf%zq_an_ s XdnmVmXvcj
~X*fhdr¤XfYzqXvmVzqpuXvkfqpqbVz%cedInbVzhXV§
°IX=~Xfdg¤XvpufYbVk w*dlp s Xw*dncaw*bVc zqvmVbofq s _  w*_jcaXmCinbz%caXvp
wvdrcewbVcep s X s _j«Czdnwfq_ainkI§ Àcd=bVkX¤¥inzhWYXfqzdrmC*®vi s drcaXXf%XvpuffqzdnXvzhpqYmdrzbVkVX¤¥XvkfqXn§
°IXp¤@dnw*Xvp
ilmVmCilpq*Xvp kVX,pqinkf
|udrWdn_apTmdnzhdncjcaU*caXvpv§
°ª  ilo|}Xf W\XpubzqXrw*W s XcainkVl,wW s XcedrzhnXX*fwW s   *mdn_aphpuXvbVz§l°IX¢Wdr_acjcedrlXwilWYmilzufhX
g  `pqinWYWYXfp
milbVzÎl  rZNfqzh_adnkVncaXvpv§r°IXp{drzh¬fqXp
WYXvpqbVzqXvkfTl w*W s XWYigtlX*kVkVXdlXvw s Xvp{gdncjXvbVzhp
X*x`fqzh¬*WYXvp s XKn   =wW Xf% nKwWP§
°ÕdP¤¥XvkfqXXvcjcaX­ WY¬*WYXd=bkVXcedrzhnXvbVz s X'Ví=wWP§{]`bVz%w*X|}X*b
s X s inkkV*Xp*Îilk kVXKwilkpq_ s vzqXvzhd8¦bVX s XvpY¤¥zhv¦bVXvkwXp_ako¤¥*zh_jXvbVzhXvp© lnn®nwn  Xp}fq­ ©r­ s _jzhX s Xvp
cainknbVXvbVzhp s   ink s XYpqbVmvzq_aX*bzqXp©Kln w*W 2AwilzqzhXvpqmilk s dnklf¢©     ¤¥il_ap¢c¡  dnzq¬*fqX,WYigtlX*kVkVX%Xf¤¥il_ap
c¡  drzh¬fqXWdgxo_aWdrcaX793§
¨ kKpqX,mVzhinmCilpqX s X%w*inWYmdrzhX*zcaXvpzqpubVcjfhdrfhp s Xvpw*i s Xvp s   ¦bdgfh_jilk'_akfqvnzdrcaX,dnwilbpufq_e¦lbXfqX*W\­
mCinzhX*cep¢Xf¢¤¥zq¦bVX*kfq_aX*cepv§I°IXYwi s X%fqX*WYmCinzhX*c{Xp}fcadnkwpqbVz,rlnmdlp s X\fqX*WYmpv§g?)nXvw%bVk kVinW%VzhX
â¥à$ÖIâäÒ
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s X~ ±
° s X
0,5
CcaX%mdlp s XfhX*WYmp
∆t
Xvpuf s X
1,87.10−5
pqXvwilk s Xp*wXY¦bV_ s inkVkVX\bVk
c∆t
s X
6,3WYWP§Õ°ÕXputopufqU*WYXca_jkvdr_azhX©zhvpqinb s zqXw*inWYmilzufhXdrcainzp   ZPWdgfqzh_ewXvpkink8k`bVcjcaXvpvÕw*X¦lb_ªpu_ank_IX
¦bI  _ac¤@dnbof   Zmdnp s XfhX*WYmp ©bVkVXNink s X¢dnw*inbpufq_e¦bVXmilbVzpqXmzqilmdrlX*z{X*kfhzqXcaXvp s Xvbox\X*x`fqzh*WY_¼fhvp
s X%c¡  ilo|}Xf§I°Õd s bVzh*X s XYkVirfhzqXYpq_jW%bVcadrfq_aink 2Arlnmdnp s X\fqXvWYmp 9NzhX*mVzhvpqX*kfhXX*k``_azqilk5n¤¥in_ep¢cjX
fhX*WYmpTkVwXpqphdr_azqX¢drboxink s XpTmilbVz ¤@dr_azqXbVkPdrcacaX*zq­¡zhXfhinbVz X*kfqzhX¢cjXp s X*boxmil_jkfhpTcaXvpTmcjbpTvcjil_jlkVvp
s bK~X*fhdr¤}§
°ª  X*xow*_¼fdgfh_jilkXvpufTbVkVX¢ink s X¢mVcedrkVX s ilklf cjXmVzhiDIcXp}fTbVkVX s *zh_an*X s X¢ldrbpqpq_jXvkVkVX s X¤¥zhv¦bVXvkwX
Wdrx`_aWdrcaX
f = 3000Hz
§? cA  _aphpqbVX s Xw*X,w*drcewbcAoilk'mdnphpuX s dnkpTcaX s inWdn_jkVX¢¤¥zhv¦bVXvklfh_jXvcI`_adYbkVX
±
±
R pqbVz¢cjXpNgdncjXvbVzhp s Xvp s Xvnzhvp s X%ca_aXvzufhvpv§ ¨ k5kVX%w*inkpqX*zhnX%¦lbX%caXvp¤¥zq¦bVX*kw*XvpN_jkV¤¥*zh_jXvbVzqXpN©
3000
® 2¥inkXvkwilW\mVfqXN   79§ ¨ kbofh_jca_apqXdncjilzhp{caXw*i s XT¤¥zq¦lbX*kfq_aX*cmilbVzªzhvdncj_epuXvz{cjXW\¬vWYXw*dncaw*bVc
©YwSdlwbVkX s Xw*XvpT¤¥zhv¦bVXvkwXp 2@phdrbo¤$cad%¤¥zhv¦bVXvkwXk`bVcacjX893oX*fink=wilW\mdrzhXNcaXvpTzhvpqbVcjfhdgfp*§
]`bzbVk=y~©  ®nocaX,w*dncaw*bVcC¤¥zq¦bVX*kfq_aX*cÕmilbVz   ¤¥zhv¦bVX*kwXvpw*inWYmVzh_apqXvp XvklfhzqXYX*fnnl
®d s bVzqXvk`_azhink VíSX*bVzhXvpv§ ¨ k d'bofh_jca_epubVk8pqincanX*bz¢_jfqvzhdrfq_j¤ ²K`;ª] dnXwzhXvpufhdnzuf_jkIkV_
X*f%wilk`nX*zhnXvkwXY©
10−3
§H;{k WYigtnXvkVkVXn)wSdn¦bVXzhvpqincabofq_aink8d=kVwXpqpq_¼fhn_jfqvzhdrfq_ainkpv§Iy$inbVzw*Xvp
s X*zhkV_jUvzqXp*gilkdNbVfq_acj_epubVkYmVzqi s b_¼fªWdrfqzh_aw*X­ nXvwfqXvbVz
WbVcjfq_am£lcjXdnbox¤¥zhv¦bVXvkwXp{caXmXvzqWYXfqfhdnklf)2@cad
fdr_acjcaX s Xvp s inWdr_akVXp s XcadY±{²K²7fdrkfQIVxo*Xmdnz ced\cjilkVnbX*bVz s   ink s XnV©\dlpqpqX¢¤¥zq¦lbX*kw*XNfhinbofhXvp
caXvp _akfqX*zdnwfq_ainkp pqinkf mzqiowSVXp*owX¦bV_zhX*`_jXvkfTdncjilzhp ©bVfq_acj_epuXvzTbVkmzqi s bV_jfWdgfqzh_ewX­ nXw3fhX*bVz mVcaX*_ak
w*cadlpqpq_e¦lbX793§Õ]obVz,cedPW\¬vWYXWYdlwSV_akVXnIcaXw*dncaw*bVc{fhX*WYmilzqXvcª©=rlnmdnp s XYfqX*WYmp s bVzhXV Z=SVX*bVzhXvp
s inkfoíSX*bVzhXvpTmCinbVzc¡  dnphpuXvWVcedrlX s XpTWdgfqzh_ewXvpv§
°)dIlbVzqXP s ilkVkVXc¡  vw*dnzuf\zqXvcadrfq_j¤X*kfqzhXcaXvp%nXw3fqXvbVzppqincabofq_ainkp s Xp%wvdrcew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cA  X*zhzqXvbVzzhXvpufqX%_jkV¤¥*zh_jXvbVzqX
©'§R)inbVfqX¤¥il_apvoink'nil_¼f s X¤¥ilzufhXvpTgdrzh_edgfq_ainkpXvk'¤¥inkw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_acjXpX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¦bI  drmzqUprnl\mdnp s XfqXvWYmpw*X*zqfhdr_akVXp ¤¥zq¦lbX*kw*XvpkÕ  ilklfmdnpXvkwilzqX¢fhirfhdncjXvWYX*kfzhX­ zhdtlinkVkV¢Xf
pqinkf
X*kw*inzhXmV_a*nvXvp s drkp$c¡  ilo|}Xf§gy)ilbVz$fqXp}fhX*zÎwX*fufhX S`t`mCirfqSUvpqXnkVinbp$dlinkp)zhX*cedrkw*ªcaX WY¬vW\X
wvdrcewbVc)milbVznnVnnnvnln\Xfrlnn\mdlp s X,fqX*WYmp¢dIk s X,nil_jzcA  _jkAbVX*kwX s X,cad s bVzh*X s X
cedYpu_aWbcadrfq_ainkPpubVzced\mVzhvw_epq_jilk s bPzhvpqbVcjfhdgfXvk¤¥zhv¦bVXvkwXl§
]`bzªced InbzqX   rkVinbpÎzhX*mVzhi s bV_epuilkp
cjXpªw*inbVzhXpÎwilzqzhXvpqmCink s dnkfhp
drboxw*dncaw*bVcepÎzhvdrca_epup 2¥mCinbVz
nnVrnnnVrnnnovlnnXf nnlnNmdnp s XTfhX*WYmp*93§°IXvpªwinbzqCXvp
*fhdrkf{fhzqUp{mVzhi`wSXvpvgcjXlzhdnmVSV_e¦lbX
Xp}fbVkmCX*bw*inko¤¥bpv§ ¨ kmXvbof kvdrkW\il_jkpÎnil_jz¦lbXcjXpªm_awvpÎXxo_ep}fdrkfpqbVzªced InbVzhX¢pqinkfÎfhinbg|}ilbVzhp
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fI|}bp}fhX s XcaXvp{zhX*k s zqXTmVcabp Ikp`2 s b
¤@dn_¼f s XcA  drbVlWYX*kfhdrfq_aink s b kVinW%VzhX s XY¤¥zq¦lbX*kw*Xvpw*dncaw*bVca*Xvp*93§)°IXvppqX*bcjXp s _j«CvzqXvkwXpkVirfdrVcaXvp
XvkfqzhX caXvp{w*inbVzhCXvp
drmVmdrzdr_epqpqX*kf$©¢dlpqpqX ¤¥zq¦bVX*kw*XTX*kfqzhX ¢X*fªnn ®lgi\cjXp{cainkVlbVXvp
pq_jW%bVcadrfq_ainkp
s inkVkVXvkf s XvpNzhvpqbVc¼fdgfpmVcabpmzqw_ep*§²=dr_ep s drkpNwXfqfqX%®*inkXnWY¬vW\X%cjXppq_jW%bVcedgfq_ainkpwilbVzqfqXvpNpuilkf
mzqw_epuXp*ªdlXvwPbVkXKX*zhzqXvbVz s u|u©Fphdgfq_epu¤@dr_epqdnklfhX 2¥_ako¤¥*zh_aX*bVzhX:drb mCinbVzq­ÀwX*kf-93§ ]obVzced IlbVzqX  ªilk
w*inWYmdnzqX
bVkV_e¦bVX*WYXvklf)cjXpIpu_aWbcadrfq_ainkp©nr X*f)rnlnmdnp s X
fqXvW\mp*§ ¨ k¢l*zh_IXÎ¦lbX{ncaindncjXvW\Xvkf
caXmdlpqphdrlX©nnln%mdnp s X,fqX*WYmpkI  dnWY*ca_jilzqXcaXzqpubc¼fdgf¦bVX s dnkpcedY®*inkXdnphpuX¢¤¥zhv¦bVXvkwXi 
w*X*cabV_j­ w*_Xvpuf s XNfhinbofhXvp ¤@d 
inkp s }|u©YwilzqzhXvwfv§?bVfqzhX*WYX*kf s _jfvpqbVzwXw*dlpTmVzhvw_epvbkVX,pu_aWbcadrfq_aink©
nn,mdlp s XfqXvW\mp 2@pqin_jfX*k``_jzhink5¤¥in_epTcaX¢kinWzqX s XWdgfhzq_ewXp kVinko­ k`bVcacjXp 9XvpufpqbpqdnklfhXn§
vdrkW\il_jkp*`inkmXvbof¬fhzqXpubzqmVzh_ep s Xc¡  w*dnzuf s XmVcjbpu_aX*bVzpmilbVzu­ÀwXvkfhp ¦lb_mXvzhpq_apufqX¢X*kfhzqX¢kVilp
s X*box=w*dncaw*bVcapmilbVzfqilbofqXpcaXvpT¤¥zhv¦bVXvkwXpwilWYmVzq_epqXvpXvklfhzqXrl%X*fNnln ®l§inbpdlinkpTzhX¤@dn_¼f
ced=WY¬*WYXpq_aWbVcedgfh_jilk X*k s _a`_aphdrkfcaXkVilWVzhX s XP~ ±$° mdrz\>2@pqin_jf
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dnb cj_aX*b s X
0,5
9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f\X*k
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X,¦bV_)mVzhvpqX*zhnXcad s bVzqvX s Xpq_jW%bVcedgfq_ainkPXvk
pqXvw*ink s Xvp*93§V°IX
c∆t
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s vpqinzhWYdn_ap s X
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¢drkp
w*XfufhXpuXw3fq_ainkÕvkVilbp
drcacjilkp)mVzqpuXvkfqX*z$cedWYfhSVi s X WbVcjfq_am£lcjXTzdrmV_ s X d s dnmofqvX©Ncad¤¥inzhWbo­
cedgfh_jilkYX*kmCirfqXvkfq_aX*cep{zqX*fhdnz s p s dnkp{caXw*dnp s   bkino|}X*fªzq_an_ s Xl§ BkVXilkVkVXwilkVkdn_aphpqdnkwXTmVzhvdncadnVcaX
s XvpkVinfq_ainkp¢Xf s b liow*drbVcadn_jzhXbVfq_acj_epup s drkpcjXw*d s zhX s XcedP±{²K² ¤¥zhv¦bVXvkfq_aX*cacjX254avD6%9¢pqX*W%VcjX
pqinbSdr_jfhdnVcjXl§
 LGK  f0UGZ <U  c P)c)W VXc
¢drkp
caXw*dlp s   bk%ilo|}Xf{zh_jl_ s XlgpuXvbVcjXp
zqXp}fhX*kf
cad¢gdrzh_adnVcaX
Φ(x,t)
X*f{cadN¤¥inkw3fq_ainkV­AfhXvpuf
∂tΨ(x,t)
§
°ÕXputopufqU*WYXca_jkVdr_azqX©\zhvpqinb s zhXp*  vw*zq_jfTn
−1
c
∫
t∈


∫
Γ×Γ
~n(x).~n(y)
4π|x− y|
∂2Φ
∂t2
(y,t− |x− y|
c
)
∂Ψ
∂t
(x,t) dxdydt
−c
∫
t∈


∫
Γ×Γ
1
4π|x− y|
~rotΓΦ(y,t−
|x− y|
c
) ~rotΓ
∂Ψ
∂t
(x,t) dxdydt
= c
∫
t∈


∫
Γ
∂uinc
∂n
(x,t)
∂Ψ
∂t
(x,t) dxdt
]`ilbp ¤¥inzhWYXWdgfqzh_ew_aX*cacjXlVwX*ced s inkkVX@n
∑
0≤k≤kmax
Mk.An−k = Ln
2¡D9
dnmVmCX*cainkpY¦bVX'cjXp
Mk
puilklfYcaXvp%WYdrfqzh_aw*Xvp s b mVzqilVcaU*WYX 2
Mk
zhX*mVzhvpqX*kfqXcA  _aklfhX*zdnwfq_aink s X
mCin_akfhp s X\ced'pqbVzq¤@dnw*X
Γ
pq*mdnzqpmdnzbVkVX s _ep}fdrkw*XYw*inWYmVzh_apqX\X*kfqzhX
(k − 2)c∆t Xf (k + 1)c∆t 93§°ÕXvp
Ln
pqinkfcaXvp s inkVk*Xvp_jkw*_ s X*kfqXp2¥ilk s XpmVcedrkVXpinb=pqmVSV*zh_e¦lbXvpvVnvkV*zdgfhX*bVzp*§v§*§*9©Ycad s dgfqX
tn = n∆t
§;ÎkIkI
Aj
Xvpuf,ced=puilcjbofh_jilk s b mVzhinVcaU*WYX©Pcad s dgfqX
tj = j∆t
§Õ°)dPW\*fqSVi s XbpubX*cacjX
mCinbzzqpuilb s zhX\w*XYpqtop}fhU*WYXYXvpufcadPzhvpqincabofq_aink5mdnpu­À©g­ mdnpNX*k5fqXvW\mpgnIilk pqbVmVmCilpqXdnin_azzqpuilcjb5cjX
pqtop}fhU*WYXE2¡ 9ªmCinbzfqilbofqXpTcjXp s dgfhXvp
tk
dnXw
k < n
§y$ilbVzzqpuilb s zhXNcaXmVzhinVcaU*WYX©\cad s drfqX
tn
oilk
wvdrcewbVcaXdrcainzpgn
°IX,pqXvw*ink s WYX*WzqX
Ln
 
°Î  _jkAbVX*kwX s b mdlpqpq>2@¦bV_Xp}fpqinbp}fhzhdn_¼fhX s X
Ln
9 n
Ln ← Ln −
∑
0<k≤kmax
Mk.An−k2¥kVinfqXvz¦bI  ilkkX¢mzqXvk s mdnp
k = 0
s dnkpwX*fufhX,puilW\WYX89 
°ÕdYpqincabofq_aink
An
©\cad s drfqX
tn
oXvk'zhvpqincagdrkf
M0.An = Ln
§
¢drkpPw*XfufhX5dnmVmVzhi`wSXn inkzdr_epuilkVkVXKXvk wilkpq_ s vzhdnkfcA  _akAbVXvkwX s b mdnphpu:pqbVz'cjX mVzhvpqX*kfv§
°ª  dlw3fh_jilk s X
An−k
pqbVz
Γ
©Nced s drfqX
tn
kI  Xvpuf{*gdrcabV*X ¦bI  dnbWYinWYXvklf s bYw*dncaw*bVc s X
An
§ ¨ kmCinbVzhzdr_jf
zdr_epqinkVkVXvz s drkpÎc¡  dnbofqzhXpqX*kp{Xvkwilkpq_ s vzhdnkf
c¡  _jkAbVX*kw*X s bmVzqpuXvkfªpubVzcjX¤¥bofqbVz§,?bofhzqXvW\Xvkf s _jfv
s Uvp¦bI  inkKdw*drcewbcjbVk:nXvwfqXvbVz
An
inkKwvdrcewbVcaXpqink=dnwfq_ainkKpqbVzcedpufqzhbw3fhbVzhX,drbox s dgfhXvpN©nXvkV_jz
tn+1

tn+2
)§*§v§*
tn+kmax
§¢drkpNwX*fufqX%drmVmVzhiowSVXncjXp s inkkV*Xp_akw_ s X*kfhXvp
Ln
pqinkfmzq*­ wvdrcewbVca*Xp
mCinbzTfqinbpTcjXpmdnp s XNfhX*WYmpv§0;{kpqbV_jfqXl©YwSdn¦bVX¢mdlp s XfqXvW\mp
tn
VinkPw*dncaw*bVcaX@n
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An
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M0.An = Ln
§
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°Î  dnwfq_aink s X
An
pubzcjX¤¥bofhbVzTnmilbVzTfqilbof
k > 0

Ln+k ← Ln+k −Mk.An §~N  XvpufwX*fufqX s X*boxo_aU*WYXfdrmCX,¦lbXcad\WYfhSVi s X,Wbc¼fh_jmC£ncaXfqXvW\mCinzhX*cacaXpqXmVzhinmCilpqX s   dlw*w**ca*zhX*z§
¨ kpqX s ilkVkVX s inkwbVkVX¤¥ilkw3fh_jilk
Φ(x,t)
2 s IkV_aXmdnzÎcad s inkkV*X s X
An
93XfmCinbzÎfqilbofqX¤¥inkwfq_ainko­
fhXvpuf
∂Ψ/∂t(x,t) = ϕi(x)χm(t)
mip}fh*zh_jXvbVzqX¢X*k'fhX*WYmp 2
m > n
9 ilk'wSX*zwSVX¢©YwvdrcewbVcaX*zn
−1
c
∫
t∈


∫
Γ×Γ
~n(x).~n(y)
4π|x− y|
∂2Φ
∂t2
(y,t− |x− y|
c
)ϕi(x)χm(t) dxdydt
−c
∫
t∈


∫
Γ×Γ
1
4π|x− y|
~rotΓΦ(y,t−
|x− y|
c
) ~rotΓϕi(x)χm(t) dxdydt
2   9
¨ k%mXvbof$zdrmmVzqiowSVXvzÕwX*fufhXWY_epuXX*k¦bdgfh_jilk s X w*X*cacjXª¤@d efqXTdnXw{cadWYfqSi s XW%bVc¼fh_jmC£ncaX zhdnmV_ s X
¤¥zhv¦bVXvkfq_aX*cacjX¦bV_VmCX*zhWYXf s Xzhvdrca_epuXvz s X WdnkV_jUvzqXTwinkinWY_a¦bVX s Xp
mVzhi s bV_¼fp
Wdgfqzh_ewX­ nXw3fhX*bVz§ ¨ k
pqX s inkVkVX\drcainzpbVk5nXw3fqXvbVz
(ti)1≤i≤n
zhX*mVzhvpqX*kfdrkfced¤¥inkw3fq_aink
~t(x) =
∑
1≤i≤n ti.~ϕi(x)
Xfink
wSX*zwSVX¢©YwvdrcewbVcaX*zcaXmVzqi s b_¼f
A.t
s inkfcad¢|À­ _aU*WYXwi`inz s inkkV*Xp*  vw*zq_jfTn
(A.t)j =
∫
Γ
∫
Γ
G(|y − x|)
(
~t(x).~ϕj(y)−
1
k2
divΓ~t(x).divΓ~ϕj(y)
)
dxdy
°ÕXw*dncaw*bVc s b mVzhi s bV_jfWdgfhzq_ewX*­¡lXvw3fhX*bVz s drkpcaXwvdnp¤¥zhv¦bVXvklfh_jXvcÎXvpufzhX*WYmVcednw*mdrzw*X*cabV_ s b
mzqi s bV_jfE2   9WYdn_ap s dnkpNcjXp s X*box:wvdnpN_jcÎpv  dnn_jf s X%¤@dr_azhXzdtninkkVX*zNbVkVX s inkVk*XYpubVzq¤@dnw*_a¦bVX 2@phdrbof
s X¢mzqXpqpq_jilk
Φ(x,t)
inb=wilbVzhdnkf
~t(x)
9dIk s X,w*dncaw*bVcaX*zpqinkPdnw3fh_jilk'pqbVzcedYp}fhzqbwfqbVzhX
Γ
§
 L  UG\"S$U  WYUGN[Z P`cV>Ycgf0\^cTV \^WHYf0U<UGcTSGV
inbp¢drcacjilkpTfhX*kfqXvz s X\pu_aWYmVcj_IXvzcedY¤¥inzhWYX s Xc¡  XxomVzhXvphpu_aink>2   9¦bVX,c¡  ink:wSVXvzhwSX,©w*dncaw*bVcjXvzv§
y$ilbVzwX*cedV`_ac¤@drbofpqX¢pqinbnX*k_jz¦bVXwX¢fqXvzqWYX¢XvpufTvldnc©
cDΦ
oi c¡  ilmvzhdrfqX*bz
D
Xvpuf s !Ik_¼fmdnzTn
DΦ(x,t) =
1
4π
∮
Γ×Γ
∂2
∂nx∂ny
Φ(y,t− |x− y|/c)
|x− y| dy
;{k mVzdgfh_a¦bVXl
cDΦ
Xvpufw*drcewbcjYpuilbp¢cad¤¥inzhWYX 2   9NmCinbVz£rfhX*zcaXvppu_akVlbVcadnzq_jfqp*§²=dn_ap s dnkp¢cjX
wvd s zhX s XkVirfhzqXW\*fqSVi s XfqXvWYmilzqXvcjcaXn
¦bV_kXpv  _akfq*zhXvphpqX*zd=¦lbÕ  dnbox _akfqXvzhdlw3fq_ainkppqbpqdnW\WYXvklf
cain_akfhdn_jkVXp*ow*XvpmVzhincjUvW\Xp kVXkVinbpwinkwX*zhkVXvklfmdlp*§ ¨ kPpqX¢zdrWYUvkVX s inkw©wvdrcewbVcaX*zn
c
∫
t∈


∮
Γ×Γ
∂2
∂nx∂ny
Φ(y,t− |x− y|/c)
4π|x− y| ϕi(x)χm(t) dxdydt
2  X9
¨ kP_aklfhzqi s b_¼fcaXkVigtldnb s X¢zhX*Xvk s XkirfqzhXv¦bdrfq_aink n
G(R,t) =
δ(t−R/c)
4πR
2uv9
~N  XvpufV_aX*kpu¯Vzcad,fqzdrkpu¤¥inzhWY*X s X¢±VilbVzq_aX*z s bkVigtdrb s X ¢zqXvX*k s bmVzqilVcaU*WYX¤¥zhv¦bVX*kfh_jXvcwilzu­
zhXvpqmCink s dnkfqXF2A©pqdlin_az
eikR/4πR
93§ 2  X9mCX*bof¢*drcaX*WYX*kfNpv  wzh_jzhXw*inWYWYXbVkKmzqi s bV_jf s X%wilk`nir­
cabofh_jilk'XvkfhX*WYmp 2@kVirfh ∗ s drkpTcedYpub_¼fhX79 n
c
∫
t∈


∮
Γ×Γ
∂2
∂nx∂ny
G(|x − y|,t) ∗ Φ(y,t)ϕi(x)χm(t) dxdydt
â¥à$ÖIâäÒ
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Bc¼fh_jWYXpq_jWYmVca_ICw*dgfh_jilkIkVinbpdrcacjilkp¢£rfqXvzcjXp s *zh_jl*Xvp¢kVilzqWdncjXp*§ilbpnXvzqzhinkpmdrzcedPpubV_jfqX
2ApuXw3fh_jilko§  V§ 9{¦bI  _acXp}ffqzhUvpªpq_aW\mcjX s XcaXvpzh*_aklfhzqi s b_jzhXn§ ¨ kpuXNzhdnW\UvkVX s ilkw© s X*lin_azw*dncaw*bVcaX*zTn
c
∫
t∈


∫
Γ×Γ
G(|x− y|,t) ∗ Φ(y,t)ϕi(x)χm(t) dxdydt
2}n89
 L   R  N[\ N[V,U YU5N Z P)b Z)N W b
M2M1
y
x
 
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~ilW\WYX s dnkpTcaXwvdnp ¤¥zhv¦bVXvklfh_jXvcAinkPwSVX*zwSVX¢WYdn_jkfhX*kdnklf© s wilW\mCilpqX*zTcaXkVigtldnb s X ¢zhX*Xvk
s drkp%bVkVX'winkInbVzdgfh_jilk mVzhi`wSX s X'wX*cacaX s Xcad InbzqX5nn§ ¨ k s pu_ankXmdnz S ced pumVSU*zhXbVkV_jfqs X 	 3 XfNmdrz ~s bVk5mil_jkf¢n*k*zh_a¦bVX s X S § ¨ kKkirfqX ~R = −→yx §X\WdrkV_aU*zhX,¤¥ilzqWYX*cacaXnzhX*drz s inkpc¡  inmC*zdgfqXvbVzTn
G̃(R,t) = − 1
8π2c
∂
∂t
∫
~s∈S
δ(t− ~s.
~R
c
)d~s
sθ
sΦ
O
z
x
y
θ
Φ
M
M’
s

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¨ k wSVin_epu_jf%pqbVz\cad pumSVU*zhXbVkV_jfq S bVkFzhX*mCU*zhXinzqfqSinkVilzqWdrcÎfqX*c¦bVX'cA  dgxoX (Oz) pqin_jf s _azq_anpqX*caink ~R § ¨ k'ddncjilzhp ~s. ~R = Rcosθ § ¨ k'mipuX τ = Rcosθ/c §VirfhzqXinmC*zdgfhX*bVz G̃ mCX*bofNpv  vwzh_azqX@n
G̃(R,t) = − 1
8π2c
∂
∂t
∫ π
θ=0
∫ 2π
φ=0
δ(t− Rcosθ
c
)sinθdθdφ
= − 1
4πc
∂
∂t
∫ π
θ=0
δ(t− Rcosθ
c
)sinθdθ
= − 1
4πR
∂
∂t
∫ R/c
τ=−R/c
δ(t− τ)dτ
=
1
4πR
(
δ(t− R
c
)− δ(t + R
c
)
)
°ÕXmVzqXvWY_jXvzfqX*zhWYXXvpufXxVdnwfqX*WYXvklf,caXkVigtdrb s X¢zqXvX*k5fqX*c¦lbÕ  _acÎXvpuf s IkV_jf,mdrzc¡  ¦bdgfh_jilk
2uvX93§°ÕX5pqXvw*ink s fhX*zhW\X5XvpufbVkfqX*zhWYX:mdnzhdlpu_jfqXKdnkfq_j­ wvdrbphdrc¡§ ;{k X«Xfvpq_ilk w*dncaw*bVcjXe2}n89Xvk
zhX*WYmVced
vdrkf
G
mdnz
G̃
VkVilbpdrcacjilkpTinVfqX*k_jzn
 s   bVkVXmdrzqfcaXNfqX*zhWYXNSdrV_jfqbVXvcX*k
Φ(y,t− |x− y|/c)ϕi(x)χm(t)
2¥fqzd s b_aphdrkfcaXN¤@dr_jfT¦bVXwX
¦bV_$pqXmdnphpuX,©cA  _jkp}fdrkf
t
drb:mil_jkf
x
Xvpuf¢w*ink s _jfq_ainkkV,mdnzNwX\¦bV_)pv  Xp}f¢mdnphpqdrb=mCin_akf
y©\cad s drfqX
t− |x− y|/c 9§ s   drbofhzqXYmdnzufbVk5fqXvzqWYXYX*k
Φ(y,t + |x − y|/c)ϕi(x)χm(t)
s dnkpcjX¦bVX*cÎw*XY¦bV_ÎpqXYmdnphpqX\©
cA  _akp}fdrkf
t
drb5mil_jkf
x
Xp}fwilk s _jfq_ainkVkV\mdnz¢w*X\¦bV_
gdpqXmdnphpuXvz¢dnbKmil_jkf
y
©ced s drfqX2@©
nXvkV_jz-9
t + |x− y|/c §~Xvcad\kI  d\V_jXvk=pu¯Vzmdnp s X,pqX*kpTmStopq_a¦bVXl§°)d IlbVzhX5KfhX*kfqX s   _jcacabp}fhzqXvzYcad pu_ank_Iwvdgfh_jilk mVS`topu_e¦bVX s X=wXvp s XvboxFfhX*zhW\Xp s drkp\caX=w*dnp
mcjbpTpq_jWYmVcaX s   bkVXmV_jXvzqzhXfhinW%drkf s drkp c¡  XdrbI§o°Î  *lU*kVXvWYX*kfT©cA  inzh_an_akVX s Xp ink s Xp kI  Xp}fTmVcabp cad
mzqpuXvkwX s   bVkPminfqX*kfh_jXvcIpubVz
Γ
Wdr_epTc¡  _aWYmdnwf s Xcad\mV_aX*zhzqX©\cadYpqbVzq¤@dnwX s Xc¡  XdrbI§?)nXwcaXkVigtldnb
\zh*Xvc
δ(t − R/c)/4πR ocA  _jkAbVX*kwX s X%wXfvnUvkVX*WYX*kfpqbVzc¡  bkV_jlX*zppqX,mVzhinmdnnXpubVzbVkP¤¥zqilkfpqmVSVvzq_e¦bVX¦bV_Tkd  afY©Kced s drfqX s Xc¡  vnU*kX*WYX*kf
t = t0
©=c¡  X*k s zhin_jf s Xc¡  vnUvkVX*WYX*kfÕXf s ilklf\cjX
zdtnilk=wzhi  efNwilW\WYX
R = c(t − t0)
2%IlbVzhXvld9§?)nXvwcjX%kVigtldnb Ymdnzhdlpu_jfqX 
δ(t + R/c)/4πR

caX,¤¥zhinkfNpqmVSVvzq_e¦bVX,mVzhvw*U s XcA  *lU*kVXvW\Xvkfvpuilk=zhdtlink s vw*zqi  af
R = c(t0 − t)
CXfN_ac s _apqmdnzhd  afN©cad
s dgfqX s Xc¡  vnU*kX*WYX*kf
t = t0
©=c¡  Xvk s zhin_jf s Xc¡  vnUvkVX*WYX*kfF2:InbVzhXKr9§)°ÕdPca_jfufqvzhdrfqbVzhX s pu_ankX
l*kVvzhdncjXvWYX*kf
w*XfqfqXink s Xdrkfq_j­ wvdrbphdrcaX mdrz{c¡  X*xomVzqXpqpq_aink ¢pq_jlkdrc¤@dnklfh£nWYX §l]`_cjXp s X*boxYpu_ankdrbox
pqinkfmVzhvpqX*kfpTX*k=WY¬*WYXfhX*WYmpvcaX¤¥zqilkf s   ilk s X,w*ink`nXvzqlXNlX*zpcA  *lU*kVXvWYX*kfdgdrkfwXvcjbV_j­Àw_ImVb_ap
pqX*W%VcaX¢zhX*Cink s _jzX*fzqXvmdrzqfTnX*zp cA  _akIkV_$drmVzhUvp
t0
2%InbVzhXYvnw793§
inbpnX*zhzhinkpfhinbofhX¤¥il_ap%¦lbX 
*d=kÕ  Xp}fmdnp,bkFmVzhinVcaU*WYXX*f%¦bI  _ac Xvpuf%dr_epu s XpqbVmVmVzh_jWYXvz%wX
pq_ankdnc¤@dnkfq£nWYX'X*k mVzhX*kdnklfpqin_ak s   _aW\mCilpqX*z s XpwcedrbpqXvp s X=wvdrbphdrca_¼fh s drkp\kVinfqzhX'dncjlinzh_¼fhSVWYX
2ApuXw3fh_jilkPV§  §j893§ drz s dnklfwXvcadY©\c¡  XpumVzh_jfvVilkzhX*WYmVcednw*X¢caXkVigtldnb
G
mdnz
G̃
s dnkpTkVirfhzqX*fqb s Xl§
?)nXwNcaXvpkVirfdgfq_ainkp s Xcad IlbVzqXYlnoinkPd n
~R = −→yx = −−→yM1 +
−−−−→
M1M2 +
−−→
M2x
â¥à$ÖIâäÒ
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/!0 V
tempst t t tt−2 −1 0 +1 +2
Pierre
Surface de l’eau
  ÄÕÔvÆíî3ÌgÄÇÏ@Á}¾}Ç ÇeÈ ÆíïÚÄÍ}¿Ä ÇíÆí¾}Â
t = t0
×¾À¿)Çí¾
ÅjÏ@É3Ì*¿ÕÃÈ É3ÌÃ¾ªÛAÂÆ ¿IÇeÈ ÁÀÐ}Ì¾}ï¾uÌ¿
tempst t t tt−2 −1 0 +1 +2
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ÇeÈ ÁÀÐ}Ì¾}ï¾}Ì*¿
tempst t t tt−2 −1 0 +1 +2
  Í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t = t0
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]odlwSdrkf)¦bVX
δ(t−t1)∗δ(t−t2) = δ(t−t1−t2)
vilkmXvbof)¤@dn_jzhXªdnmVmdrzd efqzhXÎwX*fufhX s winWYmCilpq_¼fh_jilk
s X ~R s _jzhXvwfqXvW\Xvkf s drkp G̃ §,?_akpq_AcjXkVigtldnb\WYi s _I G̃ pqX s wilW\mCilpqXpqinbpªcad¤¥inzhW\X s XmVzhi s bV_jfhps Xw*ink`nilcjbVfq_ainkXvk'fqX*WYmpTn
G̃(R,t) = − 1
8π2c
∫
~s∈S
∂
∂t
δ(t− ~s.
~M2x
c
) ∗ δ(t− ~s.
~M1M2
c
) ∗ δ(t− ~s.
~yM1
c
)d~s
2} 9
y$inbz s Xvpzdr_epqinkpT¦bV_Õpv  wcedr_azhw*_jzhinkf mVcjbpcjil_jkÕVink¤@dr_jfmilzufhX*zced s *zh_jl*XX*k'fhX*WYmpdnbfhX*zhW\X
Xvk ~M2x 2@zhdnmVmXvcjilkp¦bVX s drkpbVk:mVzqi s b_¼f s X\w*ink`nilcjbVfq_ainkIVced s *zh_jl*X s b5mVzhi s bV_¼fp*  inVfq_aX*kfNXvks *zh_jgdrkfbVk=pqX*bVc s XpTfqXvzqWYXp s bPmVzqi s b_¼f-93§
 L   R  N[b "W@c cTZ P`N[\^W UGZ)c
?`Ik s XKzhXfhzqilbVnXvz\caXvpmil_jkfhp
x
Xf
y
s XKc¡  ¦lbdgfq_aink 2un79 s drkpbkVXKwilkInbzhdrfq_aink mVzqiowSVX
s XwXvcjcaX s XcadInbVzhXKnlIink gd=mzqiow s X*z\drb s wilbVmdrlX s XcedKpqbVzu¤@dlwX s XcA  inV|}Xffhzhdn_¼fh
Γ
Xvk
pqinbp}­ s inWdn_jkVXp s XYfhdr_acacjXpSVinWYinlU*kVXp*§y$inbz,wX*cedVilk w*ink 
*in_jfbVkVXnzh_acjcaX\l wbV_a¦bVX s Xmdnp
aXvkVncaindrkf
Ω
2%InbVzhXY*ZX9VwSdn¦bVX_akfqX*zpqXvw3fh_jilkkink'_ s X s   bVk=wbX s Xced\nzh_jcacaX¢X*f s Xced\pqbVzq¤@dnw*X
Γ
w*inkpufq_jfqbX,bVk=puilbpu­ s ilWdr_akVX s X,kVinfqzhX s vw*inbVmdnnXl§V°IX,wSVil_¼x s X
a
pqX*zd\XxomVca_aw*_¼fh s drkpcadpqbV_jfqX
2ApuXw3fh_jilkPV§  §j¢kVirfdrWYWYX*kf*9§
a
Ω
 
	 )*Z  *(*8 Xm 
Γ
 *( &   #-%%  D#
	 
a
°ª  ¦lb_jgdrcaX*kfNn s XwXmdnzufh_¼fh_jilkVkVXvW\XvkfXvpufTzhX*mzqpuXvklfhpubVzcedmIlbVzqXYo§V°IXpwXvcjcabVcaXvpdtdrkf
bkVX_jkfhX*zpuXw3fq_ainkkVinkP`_ s XdnXvw
Γ
pqinkfnzh_apq*Xp*§
 L XZ Y,cTfW jYUGN[Z]cTZ Y,f0c P)cTb 
 VN b)V8P)N[\^W U$Z`cTV
¨ k puX s inkkVX s X*box5w*X*cacjbcjXp C X*f C′ s XYkVinfqzhX%lzq_acjcaXn s XYwXvklfhzqXp¢zqXpumCXvwfq_j¤@p M Xf M ′ X*f¢ilkwSX*zwSVXN©\w*dncaw*bVcjXvzcaXNfqX*zhWYX s   _akfqX*zdnwfq_ainkXvkfqzhX s Xvboxpqinbpu­ s inWdr_akVXvp
Γ∩ C X*f Γ∩ C′ V©phdnil_jzn
c
∫
t∈


∫
y∈Γ∩C
∫
x∈Γ∩C′
G̃(|x − y|,t) ∗ Φ(y,t)ϕi(x)χm(t) dxdydt
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Ω
Γ
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;{k=bVfq_acj_epqdnkfTced s vw*inWYmCilpq_¼fh_jilk s bPkVigtdrb 2}93Vw*XfqX*zhWYXmXvbofNpv  wzh_jzhX@n
− 1
8π2
∫
t∈


∫
~s∈S
∫
y∈Γ∩C
∫
x∈Γ∩C′
∂
∂t
δ(t− ~s.
~M ′x
c
) ∗ δ(t− ~s.
~MM ′
c
) ∗ δ(t− ~s.
~yM
c
)
∗Φ(y,t)ϕi(x)χm(t) dxdydtd~s
vinz s inkkVinkp caXvp_akfqvnzdrcaXvpgn
− 1
8π2
∫
t∈


∫
~s∈S
∫
x∈Γ∩C′
∂
∂t
δ(t− ~s.
~M ′x
c
)
∗
[
δ(t− ~s.
~MM ′
c
) ∗
(
∫
y∈Γ∩C
δ(t− ~s.
~yM
c
) ∗ Φ(y,t)
)]
ϕi(x)χm(t) dxdydtd~s
2uv9
? c¡  _jWdrlX s Xced±{²K².¤¥zq¦bVX*kfq_aX*cacaXnrilk\lin_jfªdrmVmdrzd efqzhXfhzqil_apÎmVSdnpqXvp s drkp{caXwvdrcewbVc s XwX*fufqX
¤¥ilzqW%bVcaX@n
 ä·  Vº @ o· ¥µ=ink w*drcewbcjXced=¤¥ilkw3fh_jilk s Xzhd s _adrfq_aink FC(~s,t) s !IkV_jX'pubz%cedKpqmVSVU*zhXbkV_¼fh Smdrzn
FC(~s,t) =
∫
y∈Γ∩C
δ(t− ~s.
~yM
c
) ∗ Φ(y,t)dy 2}*Z,9
FC
kVX s vmXvk s ¦bVX s X
Φ
 s X¢cedYwXvcjcabVcaX C X*f s Xpuilk'w*X*kfqzhX M §;ÎcjcaXzqXvmVzhvpqX*kfqX¢cA  _akAbVXvkwXs b s inWdn_jkVX
Γ ∩ C pqbVzc¡  X*xfh*zh_jXvbVz§
 
 ) 
· ilk=wink`lincabVXNced\¤¥inkw3fq_aink FC mdrzced%¤¥inkwfq_aink s Xfhzhdnkp}¤¥Xvzuf T ~MM ′
¦bV_ s vmXvk s X*cacjX
drbphpq_ s X
~s ∈ S X*f s X t n
T ~MM ′(~s,t) = δ(t−
~s. ~MM ′
c
)
2u 9
Ö)ÖÌoÝ3éØ$p
rZ  8D&j
°IX¢mVzhi s bV_¼f zqpubc¼fdrkfXp}f fqilbg|}inbVzpbVkVX¤¥ilkw3fh_jilk s IkV_aX¢pqbVz S `X*cacjX¢zhX*mVzhvpqX*kfqXcA  dnwfq_aink s Xcad\¤¥ilkw3fh_jilk
Φ
mCinzqfqvpTmdrz
Γ ∩ C drb'mil_jkf M ′ s XcA  Xvpqmdnw*Xn§
C·v  
o· ¥µ'inkfqX*zhWY_jkX¢caXw*dncaw*bVcX*kP_aklfh*lzhdnklfTcaX¢zhvpqbVcjfhdrf s bfhzhdnkp}¤¥Xvzuf©\ced¤¥il_appqbVz S VpqbVzcjXfhX*WYmp
t
Xfpubz
Γ ∩ C′ n
− 1
8π2
∫
t∈


∫
x∈Γ∩C′
∫
~s∈S
[
∂
∂t
δ(t− ~s.
~M ′x
c
) ∗ T ~MM ′(~s) ∗ FC(~s,t)
]
ϕi(x)χm(t) dxdtd~s
 L   UGV  fR<YUGVXWHYU5N[Z]P`c S5W V  _gfc b"Z)U YR
°ª  dncjlinzh_¼fhSVWYX,mVzhvpqX*kfq\©cedpqXvw3fh_jilk5o§íw*ink s bV_¼f©Wdrk_jmVbcjXvz s Xvp¤¥inkwfq_ainkp s !IkV_jXpNpqbVz¢cad
pqmVSVUvzqXTbVk_¼fh s X 	 3 kVirfh*X S Xfª¦bV_ s *mCX*k s Xvkfª*drcaX*WYX*kf s b\fqX*WYmpv§linbp{dncjcainkp
nin_az{wilW\WYXvklfzhX*mzqpuXvklfhX*zTwXpT¤¥inkwfq_ainkppqbVz S §X*mVzhX*kinkpTc¡  ¦bdgfh_jilk 2uv9Xvk'kirfhdnkf
g(x,~s,t) =
∫
y∈Γ∩C
δ(t− ~s.
~M ′x
c
) ∗ δ(t− ~s.
~yM
c
) ∗ Φ(y,t)dy
2uv9 s X*`_jXvkfTn
− 1
8π2
∫
t∈


∫
~s∈S
∫
x∈Γ∩C′
g(x,~s,t) ∗ ∂
∂t
T ~MM ′(~s,t)ϕi(x)χm(t) dxdydtd~s
2uvX9
y$inbzbVkmil_jkf
x
IVxol
g(x,~s,t)
mXvbofT¬fqzhX`bw*inWYWYXced¤¥ilkw3fh_jilk s X¢zhd s _adrfq_aink s   bVk s inWdr_akVX
s Xzdtnilk s inbVcjX s b zhdtlink s X C § ;{k ilbofqzhXn{wn  Xp}fbVkVX¤¥inkw3fq_aink s X L2(S) ¦bV_mCX*bof s ilkw'puXs vwilWYmipuXvzpqbVzcedPdnpqX s XvpSdrzhW\ilkV_e¦lbXvppqmVSV*zh_e¦lbXvp
(Yl,m)
dnXw
l ≥ 0 Xf −l ≤ m ≤ l §ÕNXkinWzqXvbpuXp*fqb s XvpYinkfwilkwXvzqkV'ced:cedrzhnXvbVz s X'drk s X s   bVkVX'fhX*cacjX'¤¥inkw3fq_aink pubzcad5dnpqX s Xvp
SdrzhW\ilkV_e¦lbXvppumSV*zh_a¦bVXpwr  Xvpufu­À©g­ s _azqXYcedCinzhkVXpqbVmC*zh_jXvbVzqX¦bVXc¡  ilk8mXvbof,_jWYmCilpqX*z©'c¡  _ak s _ewX
lmCinbz dlin_azÎbVkVXNzqXvmVzqpuXvkfhdgfh_jilkwilklX*kdnVcaX s X
g
254a!6:93§o°ÕXvpª¤¥inkwfq_ainkp s XmCirfhX*kfq_aX*c s bw*drcewbcilklf
_akV_jfq_edrcaX*WYX*kfbVkVXYmVbcaphdgfh_jilk5Wdgxo_aWdrcaX
ωmax
Wdr_epmilbVzbVkVXYzhdn_apqink5cj_a*X©cadPw*inkpufqzhbw3fh_jilk s X
Φ(y,t)
2¦bV_$pv  vwcedr_azw_azhd s dnkpcedpqXvw3fh_jilk5o§ìD9kVinbpNdrcacjilkpw*inkpq_ s *zhX*z¦bVXcadY¤¥ilkw3fh_jilk:pqinbVzwX,d
bkVXNmbVcaphdgfh_jilkWdgxo_aWYdncjX s _j«CvzqXvklfhXnkVirfh*X
ωs
§`ilbpTdrcacjilkpªdncjilzhpªzqXvmVzqXvk s zhXcaXzhvpqbVcjfhdgf mVzhinmCilpq
mdrz 4 86X*f s u|u©,bofh_jca_epu s drkp)4av86I©%pqdlin_azTnrced¤¥ilkw3fh_jilk
g
d,bVkVX¢cedrzhnX*bz s X¢drk s X
L
s inkVkVvXmdnzTn
L = ksd + Cε. log10(ksd + π)
2}gD9
dlXvwNcjXpTkVirfdgfh_jilkpgn

d
XvpufcaX s _adnW\U*fqzhX s X C puil_¼f_ew_ d = √3a 2¥i a XvpufTc¡  drzh¬fqX s X C 93§
ks
Xp}fcaXkVinW%VzqX s   ink s Xdnphpuiow_a©%ced\¤¥zhv¦bVX*kwXWdgxo_jWdncjX¦bV_kVilbpwilkwXvzqkVXl§

Cε
Xvpuf%bVk mdrzdrWYUfhzqXIxodnkfcadKmVzqw_epu_ainkÕ§)¢drkp 4j86 )ilk mXvbof\lin_az¦bVX
Cε = 7
s ilkVkVX
s XCinkpzhvpqbVcjfhdrfhp s dnkpcaXw*dnp¢¤¥zhv¦bVXvkfq_aX*c¡§ÕilbpmVzhX*k s zhinkp s inkww*XfqfqXgdrcaX*bVz s drkpbk
mVzhX*WY_jXvzTfqXvW\mp*§
°)dF¤¥ilkw3fh_jilk s X5fqzdrkpu¤¥X*zqf
T ~MM ′
pqX mVzqin|}XfqfqX:XvcjcaX8drbphpu_pqbVzced W\¬vWYX5dlpuX
(Yl,m)
§²=dn_ap
s drkp 2uv9 s b'¤@dr_jf s Xc¡  inzqfqSVilkVinzhWdrca_¼fh s XpSdnzqWYink_a¦bVXppumVS*zh_a¦bVXp*oced\mdrzqfq_aX s X
T ~MM ′
_ephpubVX
â¥à$ÖIâäÒ
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s   SdnzqWYilkV_a¦bVXp
(Yl,m)
s XªzdrkV
l > L
kVXw*inkfqzh_aVbVXÎmdlp)dnbzqpubc¼fdgfgIkdrc¡§ ¨ k,mCX*bVf s ilkw
fhzqilk¦bVX*z
T ~MM ′
2ApuXw3fq_aink\o§   §ío§a79CXf
puXzhdnWYX*kVXvz)drb,wvdnp s   bkVXª¤¥ilkw3fh_jilk s XcadnzqlX*bVz s Xªdnk s X
L
fqinbVf$wilWYW\X
g
§?_akpq_AcjXmVzhi s bV_jfXvpuf s XcadnzqlX*bVz s Xdnk s X
2L
§
;{k zhvpqbVWYn s b:mCin_aklf s X\`bVX%pqmdgfh_adnc32Awr  Xvpufu­À©g­ s _azqX,mdrz¢zhdnmVmilzuf¢©cedgdrzh_adnVcaX
~s ∈ S 93kVilbpd s WYXfqfqzhinkp s inkw¦bVX%fqinbVfqXvp¢caXvp¤¥inkwfq_ainkp¦bVX%kVinbpdncjcainkp_jkfh*nzhX*zpqinkf¢©cadnzqlX*bVz s X%drk s X
ca_aW\_jfqvX
2L
s Xcad%¤¥ilzqWYX@n
∑
−l≤m≤l
0≤l≤2L
Al,mYl,m(~s)
NX5w*X=¤@dr_jfvkVinbpdrcacjilkpzhX*mVzhX*k s zqX=ced s _epqw*zq*fq_epqdrfq_aink s X5cad pqmVSVUvzqXKbkV_¼fhKbofh_jca_apq*X s drkpcad
WY*fqSVi s XW%bVcjfq_am£lcjX¤¥zq¦lbX*kfq_aX*cacjXll©phdnil_jz{bVkXnzh_acjcaX
(θi,φj)
©
(L+1)(2L+1)
mCin_aklfp*licaXvp
θipqinkf cjXpmCin_akfhp s   _jkfqvnzdgfh_jilk s Xdrbphp}­À°IXvnXvk s zhXnnX*f caXvp
φj
pqinkf¦bV_jzh*mdrzqfq_ep"2@nin_az 4j86%9§ ÀcCXp}f
_aWYmilzufdrkf s Xªpqinbcj_ankVXvzI¦bVXªwX*fufhX{¤¥inzhWbVcaX s   _jkfh*nzdgfh_jilkNXp}f)XxVdnwfqX{mCinbVzfhinbofhXvpÕcjXpSdrzhWYinkV_e¦bVXvp
pqmVSVvzq_e¦bVXvp s X¢zhdnkV ≤ 2L lXf s X*`_aX*kfª¤@dnbpqpqXNdnbo­ s X*ce© n c¡  _jkfqvnzdgfh_jilk s   bkVX¤¥ilkw3fh_jilk F s X L2(S)s inkfÕcedcadnzqlX*bVz s XÎdnk s XpqX*zdr_jfÕpqbVmvzq_aX*bzqXª©
2L
kVX s inkVkVXvzhdn_¼f)mdnp)winWYWYXÎzhvpqbVcjfhdgf)cA  _jkfh*nzdrcaX s X
ced%zqXp}fhzq_ew3fh_jilk s X F ©\cA  Xvpqmdnw*XNXvkVnXvk s zhmdnz (Yl,m)0≤l≤2L §V°ÕX¢zhvpqbVcjfhdrfTpqX*zdr_jffhinbofpq_jWYmVcaX*WYXvklf¤@dnbox§`]o_ilkbofq_acj_epqXbVkVXN_jkfh*nzdgfh_jilkXxVdnwfqXpqbVzcad%pumVSU*zhXbVkV_jfq¢winWYWYX s drkpªcA  v¦bdrfq_aink2uv9nilk
Ifqzhink¦lbX*zcedY¤¥ilkw3fh_jilk s Xfhzhdnkp}¤¥Xvzuf
T ~MM ′
w*drzcjXpfhX*zhW\XppqbVmVmVca*WYXvklfdr_azqXpkVX\wilklfhzq_aVbVXvkf
mdnp¢©cedgdrcaX*bVz s X\cA  _aklfh*lzhdncjXl§;{k zqXvgdrkwSVXlbVkX¤¥il_ap¢¦bVX%c¡  ink:d s _aphwzhfh_apqced'pumVSU*zhXbVkV_jfq\Xf
zhX*WYmVcednw*YcA  _jkfh*nzdrcaXYXxVdnwfqXmdnzbVkVXpqinWYWYX s _epqw*zqU*fqXpqbVzcedPnzh_jcacjX
(θi,φj)
©
(L + 1)(2L + 1)mCin_akfhpv*ced fqzhinkwvdgfhbVzqX s X
T ~MM ′
dnbzhdnkV
L
kI  XvpufÕmVcabpÕbVkVX 8+*+- 	-%% )Wdr_ep s Xv`_jXvklf)bVkVX" 	-  X.
&
wvdrz
caXvp
fhX*zhW\Xp{pubmVmVca*WYX*kfhdn_jzhXvp$kVX s inkVkVXvzhdn_jXvkf$mdlp
®*vzqip)Wdn_ap{bkVXTdncjXvbVz
¤@drbpqpqXn§rirfqilkp
mCinbVz
IkV_jz¦bVXzh_aX*k'kI  XvWYm¬wSVX s X¢fqzhink¦bVXvz
T ~MM ′
©\bVkPzdrkV
< L
§
 L   R  N[b "W@c cTZ YcT\"V
y
drzzhdnmVmilzuf©8ced8WYfhSVi s XKWbc¼fh_jmC£ncaX=¤¥zhv¦bVX*kfh_jXvcjcaXnkVinbpnigtnilkpYdrmVmdrzd efqzhX'ced8gdrzh_adnVcaX
fhX*WYmp s drkpfqilbofqXpcaXvp s IkV_jfq_ainkpv$¦bVX'wXpqin_jf%caXvp¤¥inkw3fq_ainkp s Xzhd s _adrfq_aink ilbFcad=¤¥inkwfq_aink s X
fhzhdnkpu¤¥X*zqfv§Àcw*ink``_jXvkf s Xnil_jzÎw*inWYWYX*kfÎnvzqXvzÎwXmdnzhdnW\U*fqzhXn§r°ÕXvp
fhSVU*WYXvpÎ*nio¦bVp
milbVzqzhinkf{¬fhzqX
dnmVmVzhir¤¥ilk s _ep s drkp 4 6 §
 gigi
h    `º¥ 
º j`¹ 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R)inbof s   dnilz s _akfqzhi s bV_epuilkp¦bVX*ce¦bVXvpkVirfdgfq_ainkppufhdrk s drz s pv§ ¨ k=kVirfhX
f(t)
bkVX¤¥inkw3fq_aink s ­
mCX*k s drkf s bfqXvW\mp
t
§ ¨ k'kVirfhX
f̂(ω)
pqd%fqzdrkp}¤¥ilzqWY*X s X,±inbVzh_jXvzv s !IkV_aXmdrzn
f̂(ω) =
∫

 e
−iωtf(t)dt
2}   9
¢drkpTcaXw*dlp¦lb_kVinbpT_akfqvzqXpqpqXn
f
Xp}fzh*XvcjcaXn`Xf
f̂
nvzq_IX¢cad%mVzhinmVzh_j*fq
f̂(−ω) = [f̂(ω)]∗ 2¥i 
∗ s pu_ankXcaX¢w*inWYmVcaX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±inbVzh_aX*z s _epqw*zqU*fqX s X
r ∗ s XvpufcjXmVzhi s bV_jffqX*zhWYX©fhX*zhWYX s Xvp¢fqzdrkp}¤¥ilzqWY*X s X±VilbVzh_jXvz s X rk Xf
sk
§~Xvw_)XvpuffqzhUvp_akfqvzqXpqphdrkfw*dnzwXvcadYmCX*zhWYXf s XzqXvW\mcadlwX*zbkKw*drcewbc s Xw*ink`nilcjbofh_jilk s _ephwzhUfqX
2 O(N2) ilmvzhdrfq_ainkp*9mdnz)bkVX ±
±
RbVkmzqi s bV_jf$fqX*zhWYX ©fqXvzqWYX s X N gdrcaX*bVzpÕX*f$bkVX ±
±
R _ak`nX*zpqX2Apuil_¼f O(N log N) inmC*zdgfh_jilkp 9§I]`inbVca_ankVilkpvldncjXvW\Xvkf¦bVX\milbVz,w*dncaw*bVcaX*z¢cA  vwSdnkfq_acjcainkVkdrnX s X
f ∗ g ©mdrzqfq_az s X\wXvbox s X f X*f g _acÕ¤@dnbofmCX*kpqX*z¢©Wbc¼fh_jmVca_aX*z¢cadw*ink`nilcjbVfq_aink s _epqw*zqU*fqX s X f(tj)X*f
g(tk)
mdrzcaXmdlp s X¢fqX*WYmp
∆t
§
¢drkp¢kVinfqzhXw*dncaw*bVc¡Cc¡  inmC*zdgfq_aink s Xfhzhdnkp}¤¥Xvzufm2}9w*ink`nilcjbXcad¤¥inkwfq_aink FC mdnzNced¤¥ilkw3fh_jilks Xfqzdrkpu¤¥X*zqf
T ~MM ′
§ ¨ kdrbVzd s ilkw_aklfh*zh¬f©%w*dncaw*bVcjXvzÎc¡  bVkXXf cA  drbVfqzhX s drkpÎcaX s ilWYdn_jkX¤¥zq¦bVX*ko­
fh_jXvcA§{y$inbzYdnmVmVca_a¦bVXvz%caXfqSVvinzhU*WYX s XPwilk`nincabofh_jilk s _epqw*zqX*f\© wXvp%¤¥ilkw3fh_jilkp*$_acT¤@drb s zdKmzqXvk s zhX
¦bVXvca¦bVXpÎmVzhvwvdrbofh_jilkp s drkpªcadW\XpubzqXi drbwbVkVX s Xvp s X*bVxYkÕ  Xp}f mvzq_ai s _a¦bVXl§4a86CX*x`mcj_e¦bVXNw*X*ced
fhzqUp_jXvkI
XfYmVzqpuXvkfqXbkVXWY*fqSVi s X'milbVzYpuX'mVzhvpqX*zhnX*z s X'w*Xvp\X«Xfp s XCinz s p\X*kFzdg|}ilbofhdnkf
\pqbpqdnWYW\Xvkf  s X®v*zhilpT©Ycad Ik s   bVk s Xp s X*boxPpu_ankdrbox s _ephwzhfq_epqvpv§
 gigi   )º @¹ o· ¥µ ) 8º  V¹nµ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XvnXvkVinkp ©%kVirfhzqX¢mVzhinVcaU*WYX s   ¦lbdgfq_ainkp_akfqvnzdrcaXvpÎXvk'dlwilbp}fh_a¦bVXfqXvW\mCinzhX*cacaXn§o°IX¢Wdr_acjcedrlX
pqbVzq¤@dnw*_a¦bVX s inkfTink s _epumCilpqXNXp}fw*inWYmipu s X¢fqzh_edrkVlcjXp s ilkfTcaXvpdnzq¬*fqXpªilklfmCinbVz fdr_acjcaXW\igtlX*kVkX
∆x
§ Àc$XvpufNl*kVvzhdncjXvWYX*kfd s WY_epN¦bVX%cad¤¥zq¦bVX*kw*X,Wdgxo_aWYdncjX YmVzhinmdnnXdrVcaX PmdnzNwX%Wdr_acjcedrlX
Xp}f
fmax = c/10∆x
§C~Xvcadpu_ankV_IX,¦bVX,caXvp¤¥zq¦bVX*kw*XvppqbVmC*zh_jXvbVzhXvppqinkffqzhinm=vcjXvnvXvpmCinbVz¬fqzhX
w*inzhzqXw3fhX*WYX*kfmVzh_epuX\X*k winWYmofhX s drkp¢caX\wvdrcewbVc¡§ ¨ k5kVirfhX
λmax
Xf
ωmax
cadcjilkVnbX*bVz s   ink s X\Xf
ced%mVbVcepqdrfq_ainkdlpqpqiow_a*Xp*§`°IX¢zhdrfq_ai
λmax/∆x
2¥mzq_epT_aw*_*ldncjXdv9ÎXvpufdrmVmCX*ca kVilWVzhX s XNmCin_akfhp
mdrzcainkVlbVX*bVz s   ink s X §
y
drz,dn_jcacaX*bVzp*caXvp¢mdlp s X\fqX*WYmpX*f s   XpumdnwX
∆x
Xf
∆t
pqinkfzqXvcj_avp¢mdnzcadPwilk s _jfq_ainkF~N§ ± § °Î§
2 ~inbVzdrkfq­ ±zq_aX s zh_ewSp}­À°IXv`t9Î¦lb_<IVxoXcadYgdrcaX*bz s b'zdgfh_ji)n
nCFL =
c∆t
∆x
c∆t
Xvpufced s _ep}fdrkw*XpqbVzcedn¦bVXvcjcaX,caXvp_ako¤¥ilzqWdgfh_jilkppqX,mVzhinmdnnXvklfmCX*k s drkfNbk=mdnp s X,fhX*WYmp
∆t
§g]`_
nCFL > 1
vcjX pu_ankdrcngd pqdnbofqXvz w*X*zqfhdr_akpIfqzh_adnkVncaXvpXvkfqzhX s Xvbox¢mdnp s XÎfqXvWYmp)w*inkpqvw*bofq_j¤@p
tn
X*f
tn+1
lX*fªcaXzhvpqbVc¼fdgf s bw*drcewbcpqX*zd¢¤@dgfhdncjXvWYX*kfÎ¤@drbVx§NdnkpÎced,pqbV_jfqXninkmzqXvk s zdX*knvkV*zdrc
nCFL = 1/2
§
?_jkpq_¡ocad s _epqw*zq*fq_epqdrfq_ainkpqmdrfq_edrcaXNwilk s bV_jf©,fhzhdgdn_jcacjXvz dlXvw s XvpTpq_jlkdrbox©%drk s Xcj_aWY_¼fh*Xmdrz
ωmax = 2πc/10∆x
§l°Õd s _epqw*zq*fq_epqdrfq_aink,fhX*WYmCinzhX*cacjXkVilbp
_aW\mCilpqX s XTfqzdgdr_acjcaX*z{dlXvw s XvpÎpq_ankdnbox©
drk s Xca_aW\_jfqvX,mdnz
ωc = π/∆t
§ ¨ k=drmmXvcjcaX,zdgfq_ai s X,pqbVzq­¡wSdrkfq_acacjilkVkdrlXm2  !#*+D )j %& # .
9
ced\nzdrk s X*bVz
χ0
s !IkV_aXmdnzTn
χ0 =
ωc
ωmax}w*_Aink=d
χ0 = 5/nCFL = 10
§0?bofhzqXvWYX*kf s _jfvcaXvppu_ankdnbox'©\dnk s X,ca_aW\_jfqvXmdrz
ωmax
l*zh_IXvkf
dnWYmVcjXvWYX*kf caXvpw*ink s _¼fh_jilkp s   dnmVmVca_awvdgfh_jilk s bfqSVvinzhU*WYX s X]oSdrkVkinkI§oinfqzhXNwSdrkfh_jcacjilkVkdnnXXp}f
s inkw¢kVilk s Xp}fhzqbw3fq_j¤}§
Ö)ÖÌoÝ3éØ$p
l  8D&j
°ÕXvpmVbVcephdgfq_ainkpcj_aWY_¼fhXvp
ωmax
X*f
ωc
kÕ  ilklfmdlpcjXWY¬vW\XpqX*kp*X*f,_jc{Xp}f,_aWYmilzufdrkf s XwilW%­
mzqXvk s zhX¢mCinbzh¦bVil_A§o°Î  XvpqmdlwX s XvpTmbVcaphdgfh_jilkppqX s vw*inWYmipuX¢X*k'fhzqil_ap s ilWdr_akVXvpTn
 |ω| < ωmax
n~XpuilkfcjXpmVbVcepqdrfq_ainkp¦lb_IkVinbp_jkfh*zhXvphpuXvklfVXfNcjXWdr_acacadnnX,dYfhwilk 
bPXvk
wilkpu¦bVX*kw*Xn§

ωmax < |ω| < ωc
nC~XpmVbVcephdgfq_ainkpkVX,kVilbp_akfq*zhXvphpqX*kfmdnpv§°ÕXvpilk s Xvp_jkw*_ s X*kfqXppuXvzqilkf
k`bVcjcaXvp32¥ilb,kVvnca_jlXvdrcjXp 9 s drkp$wX s inWdr_akVXl§?b\wilbVzhp s bwvdrcewbVccjXp)pq_ankdnboxNfhzhdn_¼fhvpÕmXvbVnXvklf
*lX*kfqbVXvcjcaX*WYXvklfw*inkfqXvkV_az s Xvp,_jko¤¥ilzqWdrfq_ainkp s drkp,w*X s inWdn_jkVXlI_acªpub Yzd s XcaXvp£rfqXvz,©Pcad
IkI§
 |ω| > ωc
ngNdnkp
wX s inWdn_jkVXlv_ac`Xvpuf$mzq*¤¥*zdrVcaX s X kI  dnil_jz$drbw*bVkVXª_ako¤¥ilzqWdgfh_jilk©¢drbw*bVkWYir­
WYX*kf s b'wvdrcewbVc¡§V]`_akVinkI s b¤@dn_¼f s X¢cad\mC*zh_ji s _ephdgfq_aink s b'pqmCXvw3fhzqXcainzp s X¢c¡  vwSdnklfh_jcacainkVkdnnXl
wXpTdncjXvbVzpªmCinbVzhzdr_aX*kf lX*kV_az milcjcabVX*zcaXpumCXvwfqzhX s drkp c¡  _akfqX*zhgdrcacjX
[−ωc,ωc]
`XfmCinbVzhzhdn_jXvkf
dr_akpq_zqXvk s zhXN¤@dnboxkirfqzhXw*dncaw*bVcX*k'milcjcabdnklf
[−ωmax,ωmax]
§
°)d mVbVcepqdrfq_aink
ωs
2¥mbVcaphdgfh_jilk WYdrxo_jWdrcaX s b pq_jlkdrc,pqinbzhw*X
Φ(y,t)
9=pqX8fqzhinbnX*zd SVinzp s X
[−ωmax,ωmax]
§`°IXpª¦bdgfh_jilkpÎzhvpqincabVXvpÎfhdnkfca_jkVdr_azqXp*l_jcCkI  tdmdnp s   vwSdnkVnXXvkfqzhX¤¥zq¦bVX*kw*Xn§
]o_Cc¡  ink s XN_jkw_ s X*kfqX2 s inkVkVvXNmdrz cA  bofq_aca_aphdgfhX*bVz-9ÎmCilphpqU s XfqinbVfqXpuilk*kVXvzql_jX 2@©%bVk
ε
mVzhUvp*9 s drkpcad
drk s X
[−ωmax,ωmax]
l_acCXvpuf pqX*zd s XWY¬*WYXNmilbVzcaXvppu_ankdrbox s XNpqinzqfq_aXvpv§ny
drz wilklfhzqXln_actd s drkp
caXvpinmC*zdgfq_ainkpT*nio¦bVp©YcadpqXvwfq_ainkKo§abVk=inmC*zdgfhX*bVzpqbphwX*mVfq_aVcjX s XVzqilbV_acjcaX*zcaXvp¤¥zq¦lbX*kw*Xvpgn
ced%fqzhinkwvdgfhbVzqX¢X*k'fhX*WYmpv§
 gigi  
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%  dnmVzhUvpced¤¥ilzqW%bVcaX2   9ink wSVX*zwSVXYdnXwkVinfqzhX%WY*fqSVi s XW%bVc¼fh_jmC£ncaXYfqXvWYmilzqXvcjcaX©'wvdrcewbVcaX*z
caXzdtninkkVX*WYX*kfpubzcadYpufqzhbw3fhbVzqX s   bVkX¤¥inkwfq_aink
Φ(y,t)
s !IkV_aXmdnzcad s ilkVkVvX s X
An
puilcjbofh_jilk
s bKmVzhinVcaU*WYX%©cad s dgfhX
tn = n∆t
§Cy
drz¢XxoXvW\mcjXlCpqbVz¢cadInbVzhX   pqX*bc)c¡  wSdrkfh_jcacjilkK©ced s drfqX
t1 = ∆t
Xp}fwilkpqX*zhnn§
∆t
−2∆t −∆t t∆ 2∆t2∆t−∆t−2∆t t∆
∆t
t0
f   (t)
Troncature
t0
f   (t)
 
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¨ kKpqXmVcednwXXvk=bVk=mCin_aklf
y ∈ Γ ¦bVXvcaw*ink¦bVXlVXfNcA  inkPkVinfqX f cad\¤¥ilkw3fh_jilkKpuilbVzwXX*kKw*X,mil_jkf
f(t) = Φ(y,t)
nX*f
f∆t
cedWY¬*WYX¤¥ilkw3fh_jilkvwSdnkfq_acjcainkVk*Xn§y$inbVzªwvdrcewbVcaX*zªcad¤¥ilkw3fh_jilk s Xzd s _edgfh_jilk
FC(~s,t)
2¥¦lbdgfq_aink 2u*Z,9G9Y)inkFd=CXvpqin_ak s X
f(t)
mCinbz,fqilbof
t
§$°ÕdK¦bVXp}fh_jilk Xp}f s inkw s Xphdnin_az
w*inWYWYX*kfNwvdrcewbVcaX*z
f(t)
pu_
t
kI  Xp}fNmdnpbkKWbVcjfq_amVcaX,X*kfh_jXvz s X
∆t
§j?bofhzqXvW\Xvkf s _jfvCinkKwSVXvzhwSVX©
_akfqXvzqmCincaX*z s Xvp s inkVk*XvpªvwSdnkfq_acjcainkVk*Xvp
f(tk)
milbVzmCinbnin_azÎXvkpub_¼fhXcaXvpÎzh­ vwSdrkfq_acjcainkkVX*zª© s Xvp
s dgfqXp
t
¦bVX*cewilk¦bVXvpv§NX,mVcabpvCw*XfqfqX,_akfqX*zhmCincedgfq_aink s in_jfNdnphpubzqXvzcadYmzqpuXvzqgdgfh_jilk s b:pqmXw3fqzhX s X
â¥à$ÖIâäÒ
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f
2@dnb5WY¬*WYXYfh_¼fhzqX¦bVXYcaXvpvwSdrkfq_acjcainkkdrlXvp*93X*k mdrzqfq_ewbcj_aX*z s dnkpc¡  _akfqX*zhgdrcacjX
[−ωmax, ωmax]¦bV_$kVilbp_akfq*zhXvphpqXn§0;{kIkIwX*fufqX¤¥inkwfq_aink
f(t)
s il_¼f¬*fqzhX%©drk s Xcj_aWY_¼fh*X2 s X%cj_aWY_¼fhXkVinfq*X
ωs
9
dDIk s XmilbVnil_jzTbofh_jca_epuXvzcad s _ephwzhfq_ephdgfq_aink s Xced\pqmVSVUvzqXbVk_¼fh s XcadYpqXvwfq_aink=o§ V§
]`_Tilk _jkfqXvzqmCincaXkirfqzhXbVk_a¦bVXvwSdnklfh_jcacaink s XWYdnkV_aU*zhXkdAlXnÕmdrzX*xoX*WYmVcaXwilkpufhdrkfhXmdrz
WYilzhw*XvdrbVx 2@w*inWYWYX%pqbVzcedIlbVzhX  i =cjX\pumCXvwfqzhX s b:pq_ankdncÕinVfqX*k`bKXp}fNbVk:pq_jk`bpNw*drz s _akdrc%9Tilb
ca_akVvdn_jzhX*WYX*kf2@w*inWYWYX'pqbVzced IlbVzhXPn:i  caXPpqmCXvw3fhzqX'XvpufbVk pu_ak`bpYw*drz s _akdrcdnb w*dnzqzh79{drcainzp
caX\zqpubVcjfhdrf¢kÕ  Xp}fmdlpN©drk s XYcj_aWY_¼fh*X2¥i8drcainzp s X%WdnkV_jUvzqXYdrmmVzqiowSVvXX*fdlXvw,bkVXYcj_aWY_¼fhX
ωsfhX*cacjXvWYX*kfª*caX*l*X¦bVXcaXkVinW%VzhX s Xmil_jkf s   _aklfhX*zhmilcadrfq_ainkpqbVzÎcedpumVSU*zhXbVkV_jfqpqX*zdr_jfÎmVzqilSV_aV_¼fh_¼¤*93§
∆t
−2∆t −∆t t∆ 2∆t t0
f   (t)
Spectre
     t2π/∆       t−2π/∆ 0
ω)f (
ω

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∆t
−2∆t −∆t t∆ 2∆t t0
f   (t)
       t−2π/∆      t2π/∆
Spectre
ω0
ω)f (
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     t−π/∆
∆t
−2∆t −∆t t∆ 2∆t
t
   tπ/∆
Spectre
ω0
ω)f (
0
f   (t)

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BkVX,puilcjbVfq_aink'Xvpuf s   bVfq_acj_epuXvzcjXfhSV*ilzqUvWYX s X]`SdrkkVinkIV¦bV_mCX*zhWYXf s   vw*zq_azhX@n
Φ(x,t) = Φ(x,n∆t)
sin π∆t(t− n∆t)
π
∆t(t− n∆t)
Ö)ÖÌoÝ3éØ$p
  8D&j
?)nXwKwX*fufqX:¤¥inzhWbVcaX s   _aklfhX*zhmilcadrfq_ainkIinkXp}fPdnphpubzq s   dnil_jzbVkzhvpqbVc¼fdgf©Fdrk s XKcj_aWY_¼fh*X
2:InbzqXV793§;{k zqXvgdrkwSVXlcad=w*ink`nXvzqlX*kw*X%caX*kfhX s b pu_ak`bp,wvdrz s _jkdrc{nXvzhpPzqXvk s wXfqfqX¤¥ilzqW%bVcaX
mCX*bVf$bofh_jcaXTX*k%mVzhdrfq_e¦bVXn§8;{k\X«XfvmCinbVz s Xp$zhdn_apqinkpÕ*`_ s X*kfqXp s   _aWYmVcjvWYX*kfhdrfq_ainkIkVilbp
wSVX*zwSVinkp
bk_akfqX*zhmCincedrkfT¦bV_ fhinbofX*k'fdrkf©\drk s X¢ca_aW\_jfqvXdn_¼fXvkmVcabpTbVkPpqbVmVmCinzqfTXvkfhX*WYmpTca_jWY_jfq
2A©bkVX%XvzqzhX*bz
ε
mVzhUvp*93§y$inbVzNfqzhinbVlX*z¢bVkVX%fqXvcjcaX¤¥ilkw3fh_jilkI_jc{pqbYf s X%zhX*lX*kV_azN©cadmVzhX*bVlX s X\cad
¤¥ilzqW%bVcaX s X]oSdrkVkinkIVXvktcadn_aphphdrkf ced%¤¥inkwfq_aink
r̂(ω)
§ ¨ kilofq_aX*kfTn
f(t) =
∑
n∈ 
f(n∆t)
∆t
2π
r(t − n∆t) 2Al 9
y$inbz¦lbX,wXfqfqX¤¥ilzqW%bVcjXpqin_jf
|}bp}fhXF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D&C_jc)pubYf¦bVX@n

r̂(ω)
puil_¼f¢*ldnc)©: 2¥ilb=fqzhUvpNmVzhiowSVX79 s drkp
[−ωmax,ωmax]
dIk s X\w*inkpqX*zhnXvzcjXp s inkVk*Xvp
w*dncaw*bVcjvXvp  

r̂(ω)
pqin_jfTvldncI©\2@inb'fqzhUvpTmVzhiowSVX79 s dnkp fqilbpTcaXvpT_aklfhX*zhgdrcacjXp
[−ωmax + n× 2ωc,ωmax +
n × 2ωc]
dnXw
n ∈   ∗ s X\puilzufhX%¦bVXcainzp s X%c¡  vwSdnklfh_jcacainkVkdnnXX*f s X\cedmC*zh_ji s _epqdrfq_aink s bpumCXvwfqzhXNc¡  _jkfqXvzqgdncjcaX
[−ωmax,ωmax]
kVXpuil_¼fTmdnpWYi s _In§Vy{zhX*k s zqX
r̂(ω)
*ldncC©\%X*k s X*SVilzhp
s X
[−ωc,ωc]
Xp}fbkVXWdrkV_aU*zhXpu_aWYmVcj_IvX s Xn*zh_IX*zwXvcad§

r̂(ω)
pqin_jf©Ydrk s Xcj_aWY_¼fh*Xlwr  Xvpufu­À©g­ s _azqX*drcI©2@inb'fqzhUvpmzqiowSVX89 X*k s X*Sinzp s X
[−ωs,ωs]dnXw
ωs ≥ ωmax
V_aX*k=pq¯Vzv§
y$inbz)caXªzhXvpufqXl*ink,¤@dr_jf
w*X¦bI  inknXvbof32@nil_jz)mdrz$XxoX*WYmVcaX)4   6:93gphdnwSdnklfÕ¦bI  bVk%zhdlw*wilz s X*WYX*kf C∞dlpqpqbVzhX*zdTbVkVX s vw*zqil_aphpqdnkwX{zdrm_ s X s X
r
§gy
drz)XxoX*WYmVcaXnink,mCX*bVf$mVzhX*k s zqXmilbVz
r̂(ω)
cedwilk`nincabofh_jilk
s   bVk=w*zqvkVXvdnbXf s   bVkX¤¥inkwfq_aink C∞ X*k'¤¥ilzqWYX s X,wcaiowSVXn§;{zhn_ak 4 ZD6mVzhinmCilpqXdn_jkpq_TcadK¤¥inkwfq_aink
r(t)
pqbV_agdrkfqX 2@¦bV_T_aklfhU*lzqX s }|u©5cjXPwi`X  w*_jXvkf
∆t/2πs X\ced¤¥inzhWbVcaXn 9N¦bV_{XvpufbVkVXYgdrzh_adnkfqX s XvpN¤¥inkw3fq_ainkp ?yª] 2$- j#$  % E  j#$D  + 0	!#$D
 D 9
_akfqzhi s bV_jfqXmdrzkdr 4  D6n
r(t) =
ω+
ωc
sin(ω+t)
ω+t
sinh
(
pt∆tω−
√
1− t2/p2t ∆2t
)
sinh
(
pt∆tω−
)
√
1− t2/p2t ∆2t
2¡r9
dlXvw
ω± = (ωs ± ωmax)/2
§I¢drkpwXwvdnpv
r̂(ω)
Xp}fced'w*ink`nilcjbVfq_aink s   bVk8wzh*kVXdrb s X s X*WY_j­
cedrzhnXvbVz
ω+
X*f s   bVkVX Pw*cjiowSVX  C∞ s X s X*WY_j­¡cedrzhnXvbVz ω− 2:InbVzhXl 93§?_akpu_ r̂(ω) Xp}f%kbcªX*ks X*SVilzhp s X
[−ωs,ωs]
§
r(t)
Xp}fmdn_jzhXXfzh*X*cacaXn s ilkw
r̂(ω)
Xvpufmdr_azqXX*fzqvX*cacjXdrbpqpq_A§
ωs
mCX*bof%mVzqXvk s zhX%kÕ  _aWYmilzufhX¦lbX*cacjXYgdrcaX*bVzXvkfqzhX
ωmax
2¥kVilk5_akw*cjbp*9¢Xf
2ωc − ωmax
§ ÀcÎXp}f
_aWYmilzufdrkf s XNwinWYmVzhX*k s zqX¦bVXNwinkfhzhdn_jzhX*WYX*kfª©
ωmax
Xf
ωc
ncedmVbVcephdgfq_aink s XpuXvbV_ac
ωs
mCX*bVf¬fhzqX
ca_aVzqXvWYX*kfTwSin_epu_aX¢dnbWYinWYXvklf s bPw*dncaw*bVc¡§o]Vd%gdncjXvbVzpuXvzhdbVk s Xvp mdrzdrWYU*fqzhXvp s   ilmofq_aWY_aphdgfh_jilk s b
w*i s Xn§ ¨ k'kVirfhX
χs
caXNzdgfh_ji
ωs/ωmax
2@¦bV_gdrzh_aX s ilkwNX*kfqzhX
1
X*f
2χ0 − 1
9§
pt
Xp}fbVk'X*kfh_jXvz s !IV­
k_aphpqdnkfTced s bVzh*X,dnmVmVzhixo_jWdgfh_jlX s XcA  _jkfhX*zhmilcadnklf§C~inkfhzhdn_jzhX*WYX*kfdrbox'_jkfhX*zhmilcadnklfp s Xvp InbVzhXvp
  Vln¢Xf Vnnw*XfufhX¤¥inkw3fq_ainkYkI  Xvpufªmdlp{bVk_akfqX*zhmCincedrkfÎXxVdnwfÎX*k\fqXvWYmp*wr  Xvpufu­À©g­ s _azqX¦bI  _jckVXgdrbof
mdnpT®*vzqiYdrbVx s dgfhXvp
tk
mCinbVz
k 6= 0 §°)d%zhXvpufqzh_ew3fq_aink s X
r(t)
©
[−pt∆t,pt∆t]
_akfqzhi s bV_jfbVkVXX*zhzqXvbVzTzqXvcadrfq_anX
εt
¦bV_Il*zh_IX[n
εt ≤
1
sinh(pt∆tω−)
=
1
sinh(π2 (
χs−1
χ0
)pt)
2¡gZX9
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maxω   max−ω maxω   max−ω
maxω   max−ω
+ω
−ω
Convolution
0
ω
ω)f (
0
ω
ω)
0
ω
ω)r (
g (
   s−ω sω    s−ω sω
sω   s−ω

	l 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¢drkpkVinfqzhXdrmVmVca_ew*dgfh_jilkIldlXvwTbVk¤@dnw3fhX*bVz s XpqbVzq­¡wSdrkfq_acacjilkVkdrlX
χ0
vldrcC©vX*fbVk
χs
mVzh_ap
vldncÕ©
χ0
2@wX%¦lb_)wilzqzhXvpqmCink s ©
ωs = ωc
93caXfdrVcaXvdnb  s inkVkX,caddncjXvbVz©mzqXvk s zhXmilbVz
pt
Xvk
¤¥ilkw3fh_jilk s XcedmVzhvw*_apq_jilk
εt
nilbVcabVXn§n°ÕXvpªmVzqw_epu_ainkp
fqzhUvp{vcjXvnvXvp{mCX*bVlX*kfpqX*zh`_jzÎmCinbz s XpÎpuilbVzwXvp
mCinkw3fqbX*cacjXp*§o°IXpTkV£rfhzqXpª*fhdnklfpqbVzq¤@dnw_e¦bVXvpvXfcad\pqbVzu¤@dlwX¢fdrkfTdnmVmVzhixo_jWY*XNmdrzTbVkWdr_acjcedrlXNXvk
fhzq_edrkncaXn`inkPkVXpv  _akfq*zhXvphpqX*zdmdlpdrbox
εt
X*k s Xvphpqinbp s X
10−4
§
εt pt
10−2 4
10−3 6
10−4 7
10−5 9
10−6 11
  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pt
!& !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 
εt
&+ m(*8+
χs = 10
°)dP¤¥inzhWbVcaX2¡gZX9,pubVlnUvzqX¦bVXmCinbzbVkVXmVzhvw_epq_jilk
εt
IVxo*XlÕcaXmVzhi s bV_jf
(ωs − ωmax)pt
Xp}f
w*inkpufhdnkfv§ªy{cabpcad8¤¥ilkw3fh_jilk
r(t)
Xp}fcedrzhnX s drkpcaX s ilWdr_akVX:pqmXw3fqzdrcaX 2
ωs
nzdrk s 93ÎmVcabp'puilk
pqbVmVmCinzqffhX*WYmilzqXvcÕXp}f¢fqzhin_jf 2
pt
mX*fq_jf*93§y{b_aph¦bI  bkVX,¤¥ilkw3fh_jilk=cadnzqlX s drkpcjX s inWdn_jkVX%pumCXvwfqzdrcaX
kvwXpqpq_jfqX\mVcjbp s X%mCin_akfhp s X s _epqw*zq*fq_epqdrfq_aink:pqbVzcad'pqmVSVU*zhXbkV_¼fh S ink5nin_jf¢¦bVXYcaX\wSin_jx s X ωss X*`zhd¤@dr_azhXcA  ino|}X*f s   bkwinWYmVzhinWY_ep$X*kfqzhXTcjXkVilWVzhX s XmCin_aklfp{pubz S XfÎcaXkVinW%VzqX s XmCin_akfhp{Xvk
Ö)ÖÌoÝ3éØ$p
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fhX*WYmpv§VNdnkpTkVip dnmVmVca_awvdgfh_jilkp*obkVXmVzqw_epu_aink s X
10−2
puXvzhd%mVzhindnVcjXvWYX*kfTpqbphdrkfqXl s   dnbofhdnklf
¦bI  X*cacaXkVXpv  dnmVmVca_a¦bVXN¦lbÕ  dnbox%_akfqX*zdnwfq_ainkpÎcjil_jkfhdn_jkXvpv§ ?ÕlXvwbkVXgdrcaX*bVz s X
εt
IVxo*Xn
pt
Xf
χs
puilkf
ca_avpTmdnzcad\zhX*cedgfq_aink
(χs − 1)pt =
2χ0
π
sinh−1(
1
εt
)
y$inbz
εt = 10
−2 caX¢W\XvWVzhX s X s zqil_¼fhXNgdrbVf 2@X*k``_jzhink9 33,7 s   i caXvp zhvpqbVc¼fdgfp s bfhdnVcaXvdrb'o§
χs pto   
   Z
í 
V   
Z Z 
   
  vZ
 g
 nZ
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χs
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m(*8+
εt = 10
−2
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;{k zqpubVWYlÕcedP¤¥inkwfq_aink
Φ(x,t)
s IkV_aXmdrz%cad s inkVk*X s X
An
$puilcjbVfq_aink s bFmzqilVcjUvWYX©=cad
s dgfqX
tn = n∆t
VXp}f_aklfhX*zhmilcjvX©\fqinbVfqX s dgfhX
t
mdnzcad%¤¥ilzqW%bVcjX[n
Φ(x,t) =
{
Φ(x,n∆t)r(t − n∆t) mCinbVz |t− n∆t| ≤ pt∆t
0
mCinbVz |t− n∆t| > pt∆t
i 
r(t)
XvpufTcad¤¥inkwfq_aink s   _akfqXvzqmCincedgfh_jilkwSVin_epq_jXl§ ¨ kXvpufTdncjilzhp pu¯z s X¢mVzhvpqX*zhnXvzÎfqilbofqXc¡  _ako¤¥ilzu­
Wdrfq_aink s drkpTced\drk s X
[−ωmax, + ωmax]
©\bVkVXX*zhzqXvbVz
εt
mVzhUvpv§
 L  W S <b)SmP`cTV N  RgfWHYcTb)f0V
 giTi
h   ¥· Vº ¥ V·¥µ
°)d%mzqXvW\_aU*zhXfdrmCX s b=w*drcewbcIwinkpu_ep}fhX©\wvdrcewbVcaX*zTced\¤¥inkwfq_aink s Xzd s _edgfh_jilk
FC(~s,t) =
∫
y∈Γ∩C
Φ(y,t− ~s.
~yM
c
)dy
dlXvw
~s ∈ S Xf C bVk s ilWdr_akVX s XkVirfhzqXpqbV s _j`_epu_ainkw*X*kfqzhTX*k M § ¨ kYkVirfhX RC cjXzdtnilk s X C 2@¦bV_gdnbof √
3a/2
mCinbVzNbVkKwbVCX s   dnzq¬*fqX
a
93§Cirfhinkp
rt
caX,mVcabpmX*fq_jfNX*kfh_jXvzNpufqzh_awfqX*WYXvklf¢pubVmC*zh_aX*bVz©
RC/c∆t
§
rt
XvpufX*k=¦bVX*ce¦bVXpuilzufhXcjXzdtnink s Xced%Ci  efqX C XvkkinWzqX s X c∆t §
â¥à$ÖIâäÒ
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Φ(y,t)
fhdnkfTk`bVcacaXNmCinbVz |t− n∆t| > pt∆t oXfced%¦bdnkfq_jfq ~s. ~yM fdrkfwinWYmVzh_epuXNX*kfqzhX −RCX*f
RC
ced¤¥inkwfq_aink s XNzd s _edgfh_jilk FC(~s,t) Xvpuf mCinbzTphd,mdrzqf k`bVcacjX¢mCinbVz |t− n∆t| > pt∆t + RC/c §]VdnwSdnklf¦bVX
RC/c < rt∆t
VilkXvk s  s bV_jf¦bVX FC(~s,t) Xvpufk`bVcacjXmCinbVz |t− n∆t| ≥ (pt + rt)∆t §
FC(~s,tk)
Xp}f¢kbcjcaXmCinbVzfqilbof
k
l*zh_Idnkf |k − n| ≥ pt + rt §°IXkinWzqX s   vwSdrkfq_acjcainkpkVilkk`bVcep%milbVz FC Xp}fYdrb mVcjbp 2(pt + rt) − 1 §ª~X'kVinW%VzqXXvpuf s ilkVkV'milbVzYcadK¤¥inkwfq_aink FC s drkppqink X*kpqX*W%VcjXl)Wdn_ap\pu_ ink p*  _jkfh*zhXvphpuX©:bVkVX s _azqXw3fq_aink
~s
mVzhvw*_apqXilb drb w*dnp%mdnzufh_aw*bVcj_aX*z s   bVkVX
w*X*cacjbcjX C s inkVkVvXnTcaX:kVinW%VzhX s   vwSdnkfq_acjcainkpkVink kbcap'mCX*bofP¬fhzqX drcainzpmVcabp¤@dr_aVcjX 2äfhinbofPX*kzhXvpufhdnkf¢pqbVmvzq_aX*bz©
2pt + 1
cjXYkVilWVzhX s   wSdrkfq_acacjilkp¢kVink5kbcap¢mCinbVz
r
93§Õy$ilbVzpu_aWYmVcj_IXvzvink
zhXfh_jXvk s zdY¦lbXE &j 	!#$ *(-	&%%D&+m&j& &0 +  &j !&j(.
&   #$
.
& FC -+- Ej ,+
2(pt +rt)−1
¢drkpÎcjXwvd s zhX s   bVkw*dncaw*bVcVW%bVc¼fh_jmC£ncaXWYinkir­ kV_jlXvdnbIgwXkVilWVzhXTXvpufªcaXWY¬*WYXmilbVz
fhinbofhXvpcaXvp ¤¥ilkw3fh_jilkp s Xzd s _adrfq_ainkI§]`_Õink'bofq_acj_epqXbVkVX±{²K²7Wbc¼fh_¼­ kV_anXvdnbI
rt
s vmXvk sPs b=kV_anXvdnb
s inkw%wXkinWzqX,Xp}fcaXWY¬*WYX\milbVzfhinbofhXvpNcjXp¤¥ilkw3fh_jilkp s X%zd s _adrfq_aink FC pu_jfqbVvXvp¢©bVk5kV_anXvdnbs inkVkVl§
°)dfhzhdnkpu¤¥inzhW\vX s X,±Vinbzq_aX*z s Xw*XfufhX¤¥inkwfq_ainkPXvpufTn
F̂C(~s,ω) =
∫
y∈Γ∩C
Φ̂(y,ω)e−i
~s. ~yM
c
ωdy
2Al 9
¨ k zhXfhzqilbVnXYbVkVX¤¥inzhWbVcaXzqXpqpqX*W%VcedrkfV_jXvkFpu¯z©PcA  fdrmCX s   _jk_¼fh_adncj_epqdrfq_aink s XcedK±{²K² Xvk
¤¥zhv¦bVXvkwXlgXfÎpqX*bVcocaXpu_ankVX s dnkp
c¡  X*x`mCinkX*kfq_aX*cacjXwSdnkVnXl§g°ÕdNzhdn_apqink%X*k\Xvpufªpu_aWYmVcjX[ngX*k%¤¥zq¦lbX*kfq_aX*c
kinbpYdnilkp\mVzh_ap\bVkVX s vmXvk s dnkwXP_aW\mcj_ew_jfqX=Xvk fhX*WYmpYX*k
e−iωt
drcainzp\¦lbÕ  _ew_mCinbVzmdnphpuXvz s b
¤¥zhv¦bVXvkfq_aX*cªdnb8fqX*WYmCinzhX*cÎilk8WbVcjfq_amVca_jXmdrz
e+iωt
2Aw3¤}§$v¦bdgfh_jilk   9§ÕNbFwinbmIÕced'¤¥zq¦bVX*kw*X
ωs drkpªcadW\*fqSVi s XN¤¥zhv¦bVX*kfh_jXvcjcaXwilzqzhXvpqmCink s © −ω s dnkpkVirfhzqXwvdrcewbVcfqXvWYmilzqXvcA§`bmil_jkf s X`bVX¤¥zhv¦bVXvkfq_aX*c¡ F̂ Xvpuf,©drk s Xca_aW\_jfqvXYfqilbof,winWYWYX Φ̂ XfpqX*bcjXYcedmCinzqfq_aink [−ωmax, + ωmax] s bpqmCXvw3fhzqXªkVinbpÕ_jkfh*zhXvphpuXl§*RÕilbpIcaXvp s *lX*cainmVmCX*WYXvklfp s XcadpqXvwfq_aink,o§ìTw*inkw*X*zhkdrkfIc¡  wSdrkfq_acacjilkVkdrlX
pv  drmVmVca_e¦lbX*kf© F̂ §y$inbz\wvdrcewbVcaX*z FC(~s,t) dnbox s dgfqXp tk Xf s drkpcjXp s _jzhXvwfq_ainkp,fhdrbVcjvXvp ~sij $inkFbVfq_acj_epuXvzhd s XvpmCin_akfhp s   _jkfh*nzdgfh_jilkp s XdnbphpªmVcednw*vp pubz ced\pubVzq¤@dnw*X s X
Γ∩ C §`y$inbVzwvdrcewbVcaX*z X*kpqbV_jfqX¢cadfqzdrkp}­¤¥ilzqWYvX s XT±VilbVzh_jXvz F̂C(~s,ω) gink%milbVzqzdpqin_jf$¤@dr_azqXbVkVX±
±$R s X FC(~s,t) rpqin_jf{w*drcewbcjXvz s _azhXvw3fhX*WYX*kf
F̂C(~s,ω)
©Ymdrzqfq_az s X 2¡n 9X*k=w*dncaw*bVcadnkf
Φ̂(y,ω)
mdrz±
±
R§C]  _ac)pv  dlU*zhX¢¦bVXc¡  ilkKdYmdnpXpuil_jk s X
ced¤¥inkwfq_aink s Xzd s _edgfh_jilk FC s drkpcaX s inWdn_jkVX\fhX*WYmilzqXvcA)wX s Xvboxo_jUvW\XwSin_jx:puXvzhdPphdrkp s ilbofqXmzq*¤¥*zdrVcaXn§
 giTi   
 ) 
·
 giTi gi
h  
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o· 
 dnmVmCX*cainkp5cad s !Ik_¼fh_jilk s X ced ¤¥ilkw3fh_jilk s X fqzdrkpu¤¥X*zqf s ilkVkV*X mdrz
c¡  v¦bdgfh_jilk 2u9 n
T ~MM ′ (~s,t) = δ(t−
~s. ~MM ′
c
)
]Vdfhzhdnkpu¤¥inzhW\vX s X,±Vinbzq_aX*zpv  wzh_¼fTn
T̂ ~MM ′(~s,ω) = e
−iω~s. ~MM ′/c 2¡r9
Ö)ÖÌoÝ3éØ$p
l  8D&j
?_jkpq_$vwzh_jfqXnwXfqfqX¤¥inkwfq_ainkPkI  XvpufNmdlp s X,cedrzhnXvbVz s X,dnk s X IkV_jX%pubVzNcadpumVSU*zhXbVkV_jfq S §°IXmzqi s bV_jf s Xw*ink`nilcjbofh_jilk s X
T ~MM ′
mdrz FC kVXªmCX*bof s ilkwÎmdnp$¬fhzqX_jkfqvnzhpqbVz S `_adcad¢¦bd s zhdrfqbVzhXmzqpuXvklfh*X©cedpqXvw3fh_jilko§ V§ ÀcCwilk`_aX*kf s ilkw s XfqzhinbVlX*z{bVkVXzqXp}fhzq_ew3fh_jilk s X
T ~MM ′
drbox%¤¥inkwfq_ainkp
s X L2(S) s XNcedrzhnXvbVz s Xdrk s XN_ako¤¥*zh_aX*bVzhXNilbvldrcaX© L §`y$ilbVzwX¢¤@dr_azqXl`inkkirfqX Pl caX¢milcjt`kV£lW\Xs X°ÕX*lX*k s zhX s XzhdnkV
l
§V  drmzqUp"4an!6¡oilk'd\cedmVzhinmzq_afhpqbV_agdrkfqXdrbPpuXvkp s Xp s _apufqzh_aVbofq_ainkp pqbVz
[−1,1] n
+∞
∑
l=0
(l + 1/2)Pl(x)Pl(y) = δ(x − y)
¨ k drmVmVca_e¦lbXwX*fufhXmVzhinmzq_afh©
T ~MM ′
dlXvw
x = ct/MM ′
Xf
y = cos(~s, ~MM ′)
2
y
XvpufYcjX
w*ilpq_jk`bp s Xc¡  drkVlcjX¢¤¥inzhWYmdrzcaXvpTlXvw3fhX*bVzp
~s
Xf ~MM ′ 9 n
T ~MM ′(~s,t) =







c
MM ′
+∞
∑
l=0
(l + 1/2)Pl
(
ct
MM ′
)
Pl
(
cos(~s, ~MM ′)
) pq_ |t| < MM
′
c
0
pq_jkVilk
°ÕX%mCincat`kV£nWYX
Pl(cos(~s, ~MM ′))
*fhdrkf s X\cadnzqlX*bVz s X%drk s X
l
pqbVz S ink:ilofq_aX*kf¢¤@dnw*_jcaX*WYX*kfcedYzhXvpufqzh_awfq_aink s X
T ~MM ′
dnbox¤¥ilkw3fh_jilkp s X L2(S) s XcedrzhnXvbVz s Xdnk s X_ako¤¥*zh_aX*bVzhXinbP*drcaX© L ¦bVXc¡  ilkPkVirfhX
T L~MM ′
n
T L~MM ′(~s,t) =







c
MM ′
L
∑
l=0
(l + 1/2)Pl
(
ct
MM ′
)
Pl
(
cos(~s, ~MM ′)
) pq_ |t| < MM
′
c
0
pq_jkVilk
y$inbz,inofhX*kV_azced'fqzdrkp}¤¥ilzqWY*X s X±Vinbzq_aX*z s XwX*fufqXXxomVzhXvphpu_ainkIilk kVXmCX*bof%mdnpbVfq_acj_epuXvz s X
fhzhdnkpu¤¥inzhW\vX s XT±VilbVzq_aX*z s _epqw*zqU*fqX 2@w*dnz
T L~MM ′
Xf
T ~MM ′
kVX pqinkf$mdnp
©drk s X ca_jWY_jfq*X X*k¤¥zq¦bVX*kw*Xn
lin_azcedzhX*Wdrz¦bVX,©wX\pubr|}Xf s XcedpuXw3fh_jilk5o§ì`§í 9§drkVWYil_jkpvilk=mXvbofw*drcewbcjXvzXxomVca_ew_jfqX*WYXvklf
T̂ L~MM ′
§Vy$inbzTw*X*cedVokVinfqilkp
jl
cad%¤¥ilkw3fh_jilk s X   XvphpqX*cpumSV*zh_a¦bVX s XzdrkV
l
§oR)inbg|}ilbVzhp s   drmzqUp"4an!6¡
ilk'd`n
jl(k) = (−i)l
1
2
∫ +1
−1
eikxPl(x)dx
s   i :ink s  s b_¼fcedfhzhdnkp}¤¥ilzqWYvX s XY±Vinbzq_aX*z s X
Pl
n
P̂l(ω) = 2(−i)ljl(ω)
2Ty{cjbpNX*xVdnw3fhX*WYX*kfC_ac
pv  drn_jf s X cedfqzdrkpu¤¥inzhWY*X s XT±inbVzh_aX*z s XTcad¤¥inkwfq_aink%*ldncjX ©
Pl
pubVz
[−1,1] XfÎ© 0 mdrzqfqilbof{dr_acjcaX*bVzp*93§¨ k'inVfq_aX*kfdrcainzp cad%fqzdrkp}¤¥ilzqWY*X s X,±inbVzh_jXvz s X
T L~MM ′
n
T̂ L~MM ′(~s,ω) =
L
∑
l=0
(2l + 1)(−i)ljl
(
ωMM ′
c
)
Pl
(
cos(~s, ~MM ′)
) 2¡lD9
â¥à$ÖIâäÒ
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/!0 `
irfqilkp$¦lbXkVilbp$drbVzh_jilkpImb s  s bV_azqX 2Al 9 s _azhXvw3fhX*WYX*kf s X 2¡rX9I©mdrzqfq_az s Xcad s winWYmCilpq_¼fh_jilk
pqbV_agdrkfqXE2¥_ephpubVX s Xm4an!6%9 n
eikx =
+∞
∑
l=0
(2l + 1)(i)ljl(k)Pl(x)
XvkmzqXvkdrkf
k = −ωMM ′/c X*f x = cos(~s, ~MM ′) §
 giTi gi   µµCº@Õ·¥µ ¨ kkirfqX GC′ caXªzhvpqbVcjfhdrf s Xªcedwilklincabofq_aink s XªcadT¤¥ilkw3fh_jilk s XÎfhzhdnkpu¤¥X*zqf
T L~MM ′
Xf s Xced%¤¥inkwfq_aink s Xzd s _edgfh_jilk FC n
GC′(~s,t) = T L~MM ′(~s,t) ∗ FC(~s,t)NbPmil_jkf s X`bVXmVS`topq_a¦bVXl GC′ zhX*mVzhvpqX*kfqXc¡  dlw3fh_jilk s X C pqbVz C′ §dnmVmCX*cainkp$¦bVXced¤¥ilkw3fh_jilk FC(~s,t) Xvpuf)k`bVcacaXmCinbVz |t−n∆t| > pt∆t+RC/c w*X ¦bV_zhX*mVzhvpqX*kfqX
2(pt + rt) − 1
wSdrkfq_acacjilkpkink kbcap2@dnb mcjbp*93§irfhinkp
dt
caXPmVcjbpYmX*fq_jfX*kfq_aX*zpufqzh_awfqX*WYXvklf
pqbVmC*zh_jXvbVzN©
MM ′/c∆t
§
dt
Xp}f¢cad s _apufhdnkwX s b=fqzdrkp}¤¥Xvzuf 2@_A§ Xn§CX*kfhzqX,caXvp¢wXvkfqzhXvp s XpCi  efqXp C Xf
C′ 9X*k'kVinW%VzqX s X c∆t §V°Õd%¤¥inkwfq_aink s X¢fqzdrkpu¤¥X*zqf T L~MM ′(~s,t)
XvpufTkbcjcaXmilbVz |t| > MM ′/c s inkwdnbphpu_VmCinbz |t| ≥ dt∆t §°IXkVilWVzhX s   vwSdnkfq_acjcainkpÎkVinkYk`bVcepÎmCinbVz T L~MM ′(~s,t)
Xvpufdnb\mcjbp
2dt−1
§
°)dY¤¥inkwfq_aink GC′ pqX*zd s inkwk`bVcacaX,milbVz |t− n∆t| > pt∆t + (MM ′ + RC)/c s ilkw,d\¤¥ilzufh_jilzq_mCinbz |t − n∆t| ≥ (pt + rt + dt)∆t §;{k:¤@dn_¼fmdrzcaX¢|}X*b s XYcA  vwSdrkfq_acjcainkkdrlXnCcad¤¥inkwfq_aink GC′dnbVzd
2(pt + rt + dt) − 3
vwSdnklfh_jcacainkpkVinkFk`bVcepw*X*kfqzhvpX*k
tn
§$irfqilkp¦bVXcad:WYin_jfq_a s Xw*Xvp
wSdrkfh_jcacjilkpTwilzqzhXvpqmilk s XvklfT© s Xvp s drfqXvpdnkfq*zh_aX*bVzhXvp ©
tn
XfkVXpqX*zh`_jzhinkfmdnpdrb'zhvpqbVc¼fdgf3IkdncA§
 giTi gi   µ  
	¥µ    `¹ º   ´ ´ ?Õgdrkf s XmdnphpuXvz©Pcad=pqbV_jfqXn)dgfufdrz s inkpkVinbppqbVz
c¡  XxomVzhXvphpu_ainkYinVfqX*k`bVXmilbVzªcedfqzdrkp}¤¥ilzqWY*X s XN±VilbVzh_jXvz s X
T L~MM ′
§ ¨ kkVirfhX  L
~MM ′
(~s)
ced¤¥inkw3fq_aink
s XNfhzhdnkpu¤¥X*zqf s XcadY±{²K² ¤¥zq¦bVX*kfq_aX*cacaXNfhzqilk¦bV*Xdnb'zdrk
L
§;{cjcaXXvpuf s ilkVkV*XmdnzTn
  L
~MM ′
(~s) =
ik
16π2
∑
0≤l≤L
(2l + 1)ilh
(1)
l (k.| ~MM ′|)Pl(cos(~s, ~MM ′))
2¡   9
i 
k = ω/c
Xp}fcaX¢kinWzqX s   ink s Xn§;{k'¤¥zhv¦bVX*kfh_jXvcAoced s *mCX*k s drkw*X s Xvp ¤¥inkw3fq_ainkpTX*k
ω
XvpufV_aX*k
pq¯Vz_aWYmVcj_ew_jfqXl§$~inWYWYXdgfqfqX*k s bIIilk5fhzqilbVnX\bVkVXY¤¥ilzqW%bVcaX\mzqiowSVX s XwXvcjcaXinVfqX*k`bVX s dnkpcaXw*dnp
fhX*WYmCinzhX*cQ2¥v¦bdrfq_aink 2¡l 9)93©bVkVX\XxVwXvmofq_ainkKmzqUpgnCX*kK¤¥zhv¦bVXvkfq_aX*c$bVkVX%¤¥inkwfq_aink s X dnk nXvc s b
mzqXvW\_aX*z)f}t`mX
h
(1)
l
zqXvW\mcadlwXªced¤¥ilkw3fh_jilk s X   XvphpuXvc
jl
mzqpuXvklfhX s dnkpQ2AD93§r~N  Xvpuf$bVkX s _j«*zhX*kw*X s X
fdr_acjcaXn`w*dnzªwr  Xvpuf w*XfqfqX¤¥ilkw3fh_jilk s X  XpqpqX*cC¦bV_Xp}f zqXpumCinkpqdnVcjX s Xvpªcj_aWY_¼fdgfq_ainkp©dnphpuX¤¥zhv¦bVXvkwX
s Xcad=±{²K²8§;{k X«Xf
h
(1)
l (x)
XxomVcailpqX 5cjilzhph¦bVX
x
XvpuffqzhUvpmCXfh_¼f s X*gdrkf
l
2¥XvWYm¬wSdrkf s X
mzqXvk s zhX s Xp i  afhXvp s X¢fhdn_jcacaXfhzqUpTmX*fq_jfqX s X*gdnklfcedcainknbVXvbVz s   ilk s X
λ
9§ }w_zh_aX*k s XNfhX*c¡omVbV_epq¦bVX
ced%¤¥inkwfq_aink
jl
2A¦bV_IXvpufcadYmdrzqfq_aX¢zh*XvcjcaX s X
h
(1)
l
9 kVXmzqpuXvklfhXdrbw*bVkVXpu_akVlbVcadnzq_jfql§~X*ced\_jWYmVca_a¦bVX
¦bVXmilbVzÎbVkVXfhdn_jcacjX s XCi  efqX s ilkVkVvXnnkinbp{mCinbzqzhinkp{fqzdr_jfqX*zÎfqinbVfqXvpªcjXp{¤¥zhv¦bVXvkwXp s X
0
©
ωmax
§
°)d s _¼«*zhX*kw*XPX*kfqzhX 2¡l 9X*f2A   9%p*  XxomVca_a¦bVXPXvk pqX=puilbVnXvkdrkf¦lbX'kirfqzhXPw*drcewbcTfqX*WYmCinzhX*c
bVfq_acj_epuXbk'kigtldrbWYi s _IlVpuilbpufqzdnw3fh_jilk s bPkVigtdrbbpubX*cIX*f s   bk'kigtldrb'drkfq_j­Àw*drbpqdnc n
G̃(R,t) =
1
4πR
(
δ(t− R
c
)− δ(t + R
c
)
) 2¡  9
Ö)ÖÌoÝ3éØ$p
    8D&j
°ÕX kigtldrb bpubVXvc 2@w*inzhzqXpumCink s drkfdrb»kVigtldnb ¤¥zhv¦bVX*kfh_jXvc
eikR/4πR
9w*ink s b_¼f=© bVfq_acj_epuXvzPcad
¤¥ilkw3fh_jilk s Xfqzdrkpu¤¥X*zqf 2A   9 ¦lb_ÕpuXvzuf s dnkpTced¤¥ilzqW%bVcaXN¤¥ilk s dnW\XvkfhdrcaX s Xced\±{²K²^n
eikR
4πR
= lim
L→+∞
∫
~s∈S
eik~s.~r
  L
~MM ′
(~s)d~s
2@nX9
i c¡  ilkkVirfhX
~r = ~yx− ~MM ′ §`°IXNkVigtldnbdrkfq_j­Àw*drbpqdncwilzqzhXvpqmilk s drbkVigtldnb%¤¥zhv¦bVXvkfq_aX*cwinkr|}bVnbV
e−ikR/4πR
X*fwink s bV_jf©bVfq_acj_epuXvzcad'¤¥ilkw3fh_jilk s XYfqzdrkpu¤¥X*zqf,winkr|}bVnbVvX
(
  L
~MM ′
)∗
§Õ°ª  ¦bV_jgdncjXvklf
s X¢ced\¤¥inzhWbcjXE2@l9mCinbVzcaXkVigtldnbw*inkg|}bVlbVp*  vw*zq_jfTn
e−ikR
4πR
= lim
L→+∞
∫
~s∈S
e−ik~s.~r(
  L
~MM ′
)∗(~s)d~s
2@V89
y$inbzmCinbVlin_azpuilbpufqzdr_azqX 2An9Xf 2AV89XfYpuXzdrmmVzqiowSVXvz s XcedP¤¥ilzqW%bVcjX 2A  X93$ink zhX*WYmVcednw*X
~s
mdnz −~s s drkpced:pqXvw*ink s X¤¥inzhWbVcaXn§Î~inWYWYXwn  Xp}fYbVkVX'_aklfh*lzhdncjXpqbVzq¤@dnw*_a¦bVXlÕ_ac kÕ  tFd:mdnp s XwSdrkVlX*WYX*kf s X,pu_ankXn§ ÀcIzhXvpufqX@n
eikR
4πR
− e
−ikR
4πR
= lim
L→+∞
∫
~s∈S
eik~s.~r
[
  L
~MM ′
(~s)− (   L ~MM ′ )
∗(−~s)
]
d~s
2@ 9
°ÕXfqXvzqWYXXvkfqzhXwzhiowSVXfpÎzhX*mVzhvpqX*kfqXced¤¥ilkw3fh_jilk s Xfhzhdnkp}¤¥Xvzuf dnphpuiow_a*XdnbkVigtldnb s bWYX*W%VzqX
s XldnbwSVXl§~inWYWYX\b5©cedpqXvw3fh_jilk5o§   §ancad¤¥zq¦bVX*kw*X
ω
s dnkpNcadW\*fqSVi s X¤¥zq¦bVX*kfq_aX*cacaX%wilzu­
zhXvpqmCink s © −ω s drkpNkirfqzhXYw*drcewbcÕfhX*WYmilzqXvcA§°)dfhzhdnkp}¤¥ilzqWYvX s X±VilbVzq_aX*z T̂ L~MM ′
s X\ced¤¥ilkw3fh_jilk
s XNfhzhdnkpu¤¥X*zqf fhX*WYmCinzhX*cacjXXp}f s ilkVkV*XmdnzTn
T̂ L~MM ′(~s,− ω) =
  L
~MM ′
(~s)− (   L ~MM ′ )
∗(−~s)
=
ik
16π2
∑
0≤l≤L
(2l + 1)ilh
(1)
l (k.| ~MM ′|)Pl(cos(~s, ~MM ′))
− −ik
16π2
∑
0≤l≤L
(2l + 1)(−i)lh(2)l (k.| ~MM ′|)Pl(−cos(~s, ~MM ′))
]odlwSdrkf¦bVX@n

h
(2)
l
XvpufcjXw*inkg|}bVlbVwilW\mcjX*x`X s X
h
(1)
l


jl = (h
(1)
l + h
(2)
l )/2


Pl(−x) = (−1)lPl(x)


jl(−x) = (−1)ljl(x)

XvkzhX*WYX*fufhdnkf
ω
©\cad\mVcednw*X s X −ω o_jcIzhXvpufqXbVkX¤¥inzhWbVcaX¢fqzhUvpTmVzhiowSVX s X 2Al 9 n
T̂ L~MM ′(~s,ω) = −
iω
8π2c
∑
0≤l≤L
(2l + 1)(−i)ljl(k.| ~MM ′|)Pl(cos(~s, ~MM ′))
â¥à$ÖIâäÒ
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/!0   
°)d s _¼«*zhX*kwX s dnkpcaXvpw*inkpufhdnkfqXvpTmzqig`_aX*kf s XvpNwSVin_jx¤@dr_jf s dnkpced s !IkV_¼fh_jilk s Xvp¤¥inkwfq_ainkp
s Xfqzdrkpu¤¥X*zqfTn
T L~MM ′
kI  _jkw*cjbVf%mdlpcjXwi`X w_aX*kf −1/8π2c s XcA  v¦bdrfq_aink 2u 9¢k_ªced s *zh_jl*XXvkfhX*WYmp 2A¦bV_ªmVzhi s bV_jf,cjX
iω
9Iwinkfhzhdn_jzhX*WYX*kf,©'cad'¤¥ilkw3fh_jilk s XYfqzdrkpu¤¥X*zqf¤¥zq¦bVX*kfq_aX*cacaX¦lb_ :X*cacjX
:_akw*cjbof%cad=w*inkpufhdnklfhX −ik/16π2 §)°ÕXzqXvW\mcadlwX*WYXvklf s X h(1)l
mdrz
jl
zhX*k s ced=puvzq_aXwilklX*zhnXvklfhX
X*f¢mCX*zhWYXf s X\mVzqXvk s zhX
L = +∞ §<?_akpq_AcaX%kigtldrb:W\i s _IYwSVin_epq_)mCX*zhWYXf s X%kX\w*inkpqX*zhnXvzN¦bVXcedmdrzqfq_aXYzqvnbVca_jUvzqX s XYced¤¥ilkw3fh_jilk s XYfhzhdnkpu¤¥X*zqfdnmVmdrzdr_ephpqdnklf s drkpcedP±{²K² ¤¥zhv¦bVXvkfq_aX*cacjXl§ ¨ k
pqbVmVmzq_aWYX dn_jkpq_fqilbofqXp
cjXp s _ wbc¼fhvp
k`bVWY*zh_a¦bVXp$cj_a*Xp$©¢wX*fufhXTpq_akVnbVcedrzh_jfqn§°Õd¢pqX*bVcaXwinkfhzqXvmdrzqfq_aX
dnbzhX*WYmVcednw*X*WYX*kf s bkVigtdrbzh*XvcmdnzTcjX¢kVigtldnbWYi s _IXp}fTcA  _aklfhzqi s bw3fq_aink s   bVkpq_jlkdrc¤@drkfh£nWYXn
¦bVXc¡  ilkPmXvbofdr_epuvWYX*kfpubVmmVzq_aWYX*zwvdrzTinkPXvpuf s drkpTcjX s ilWdr_akVX¢fqX*WYmCinzhX*c¡§
 giTi   C·v  
"V·¥µ
°)d s Xvzqk_jUvzqX%fhdnmX s X\c¡  dncjlinzh_¼fhSVWYX%wilkpq_apufqXY©_akfqvnzhX*z¢cad¤¥inkwfq_aink GC′(~s,t) `_adced¤¥ilzqW%bVcjXpqbV_agdrkfqX@n
− 1
8π2
∫
t∈


∫
x∈Γ∩C′
∫
~s∈S
[
∂
∂t
δ(t− ~s.
~M ′x
c
) ∗ GC′(~s,t)
]
ϕi(x)χm(t) dxdtd~s
¢drkpTw*XfufhX¤¥ilzqW%bVcaXn
ϕi
zhX*mVzhvpqX*kfhXbVkVXN¤¥inkwfq_aink s XdlpuX¢pu_jfqb*X s drkpced%w*X*cacjbVcaX C′ `Xf m Xp}fbk_jk s _aw*XfhX*WYmCinzhX*cCmip}fh*zh_jXvbVz ©
n
2¥zdrmVmCX*cainkpª¦bVX¢cjXpw*inbVzdrkfhp
An
©cad s dgfhX
tn
pqinkfcedpqinbzhw*X
s b:w*dncaw*bVc)zhvdncj_epq793§C°Î  _jkfh*nzdgfh_jilk=X*k
x ∈ Γ ∩ C′ puX¤@dr_jf¢`_ed s XpmCin_akfhp s X dnbpqpNmVcednw*vppqbVz Γ §°ª  _akfqvnzdgfq_aink=pqbVz
~s ∈ S puX¤@dn_¼fNX*kKmdlpqphdrkfXvk=zqXvbX,cjXpmCin_akfhp s X s _epqw*zq*fq_epqdrfq_aink s X%cadpqmVSVUvzqXbkV_¼fh S 2Aw3¤}§VpqXvw3fh_jilk'V§ X93§;{kIkÕVwinWYmofhXfhX*k`b s XNced s !Ik_¼fh_jilk s X χm(t) 2@w¤}§,InbzqX 9¦bV_gdrbof
1
mCinbz
t ∈ [tm−1,tm]
X*f
0
dn_jcacjXvbVzp*Ic¡  _jkfqvnzdgfh_jilk5Xvk8fqX*WYmp\pqbVz
t ∈ 	 X*fcad s *zh_jl*X ∂/∂t pqXzdrWYUvkVXdrb5w*drcewbc s b5pqdnbof s X%cad¤¥inkwfq_aink GC′(~s,t − ~s. ~M ′x/c) XvkfqzhX tm−1 Xf tm § ?_akpq_ApqX*bVcaXvpcaXvpgdrcaX*bVzp s X GC′(~s,t) milbVz s Xp s dgfqXppq_¼fhbV*Xp s dnkpc¡  _jkfqXvzqgdncjcaX t ∈ [tm−1 − RC/c,tm + RC/c]pqX*zhinkfTbofq_aca_apq*Xp_aw*_A§
°)d\¤¥inkwfq_aink GC′(~s,t) mCinbzqzd\¬fqzhX_aklfhX*zhmilcjvX s XWdrkV_aU*zhXpu_aWYmVcjX 2@cj_akVdr_azqXlVmdrzX*xoX*WYmVcaX79 inbmcjbp3IkVXm2@`_ad s Xpª¤¥ilkw3fh_jilkpQ?yª]wilW\WYX¢cjilzhp s Xc¡  _akV_jfq_edrca_aphdgfh_jilk93§o¢drkpTcaXw*dnp i kVinfqzhX¢wvdrcewbVc
W%bVcjfq_am£lcjXpqX*zqfmdrzX*x`XvWYmVcjX©'mVzhi s bV_azqXYbVk wSdnWYm5mVzhiowSVXYinb cjil_jkfdr_akIIcaXvpwilkpq_ s vzhdrfq_ainkp s X
cedPpuXw3fh_jilk V§ío§ 'pqbVzc¡  _akfqX*zhmCincedgfq_aink kI  inkf,mdlpcj_aX*b s   ¬fhzqXmbV_aph¦bVXcaXvp s ilkVkV*Xp_aklfhX*zhmilcjvXvpkVX
pqX*zhinkfmdnpzh­ vwSdrkfq_acjcainkkV*XpmdnzcadPpqbV_jfqXn§)y$dnz,wilklfhzqXlIpu_{ilk5Xp}fdnb pqX*_ak s   bk8pqincanXvbVzmdnp©
mdnpXvkfhX*WYmpvcaXvpmCirfhX*kfq_aX*cepwvdrcewbVcavppqX*zhinkfdrWYXvkVvp©YzdtnilkVkVXvzT©YcaX*bzfqilbVzv_jc$wink``_aX*kf s inkw
s X¢caXvp_jkfqvnzhX*z3IkVXvWYX*kfdIk s XkVXmdnpTVzhinbV_acacjXvz caX*bzpumCXvwfqzhXn§
 L   c<YN[b)f cgf0V SGc "fN "S T\^cdU$Z)U YUGW S
 giTi
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¢drkpPkilp s *lX*cainmVmCX*WYX*kfp*TkVilbpPdninkplincainkfhdn_jzhX*WYX*kfWY_ep'X*kfqzhX5mdrzhX*kfqSVUpuX5cjX pq_jlkdrc
¤@dnkfq£nWYXlVwr  Xvpufu­À©g­ s _jzhX¢cad s _j«CvzqXvkwXXvkfqzhX¢caXkVigtldnb s X¢zhX*Xvkzh*Xvc n
G(R,t) =
δ(t−R/c)
4πR
Ö)ÖÌoÝ3éØ$p
Z  8D&j
X*fcjXkVigtdrbW\i s _I@n
G̃(R,t) =
1
4πR
(
δ(t− R
c
)− δ(t + R
c
)
)
~ilW\WYXX*xomVcj_e¦bV©ced,pqXvwfq_ainko§ VlcjXNpu_ankdncdrkfh_¼­Àw*dnbpqdncVXvpufªWdgfh*zh_adncj_epqmdrzbVkY¤¥zqilkf s   ink s X
¦bV_puXTmVzhinmdnnX s Xc¡  _akIkV_nX*zp
caX mCin_akfªpuilbVzwXdnXwªbVkXw*ca*zh_jfq
c
§ninbp{dncjcainkp
Wdn_jkfqXvkdrkf{nil_jz
w*inWYWYX*kf%pqbVmVmVzh_aW\XvzwXp s ilkVkVvXvp,mdrzdnpq_¼fdr_azqXp s XkVipw*dncaw*bVcep*§ ¨ kFpuXmcadlwXfhinbg|}ilbVzhp s drkpcjX
wvd s zhX s bwvdrcewbVc s XÎc¡  _akfqXvzhdlw3fq_ainkXvkfqzhXÎbVkVXªw*X*cacjbcjX puilbVzhw*X C X*f)bVkVXwX*cacabVcjX s Xvpufq_akdrfq_aink C′ s XªkVinfqzhXlzq_acacjXl§D;{kfqilbofÎmCin_aklf
y ∈ Γ∩C lcad¢¤¥ilkw3fh_jilkpuilbVzhw*XTXvpufªk`bVcjcaXmCinbVz |t−n∆t| > pt∆t §?bofqzhX*WYXvklfs _¼flcaXvppuilbVzhw*XvpÎw*inWYWYX*kw*X*kf©vWYXfufhzqXN©cad s dgfhX
Tstart = tn−pt
X*f wXpqpqX*kf s   vW\X*fufhzqX©,cad s dgfqX
Tstop = tn+pt
§<;{k bVk5mil_jkf
x
¦bVXvcaw*ink¦bVX s X%c¡  Xvpqmdnw*XnCcjXYpu_ankdrcI¤@dnkfq£nWYX\_aphpqb s b:mCin_akf
y
Xp}f
kinkPk`bVcÕ©Yc¡  _akfq*zh_aX*bVz s XcA  _jkfhX*zhdncjcaX
[Tstart − d/c,Tstop − d/c]
dnXw
d = |x − y| §°ÕX,pu_ankdrcIzh*XvcXp}fkVilkPkbcI©YcA  _jkfh*zh_jXvbVz s XcA  _aklfhX*zhgdrcacjX
[Tstart + d/c,Tstop + d/c]
§
d min
d max
c
c’
d
y
x

	n   @D&  #$D
D& X D .#-
/!0
irfqilkp
dmin
X*f
dmax
cjXp s _apufhdnkwXp$W\_akV_aWdrcaXvp
Xf
Wdgxo_aWYdncjXp$X*kfqzhX s X*boxmCin_akfhp
¦bVX*cewilk¦bVXvp
s X C Xf C′ 2¥lin_az InbzqXrX93§r°ÕXTpq_ankdnc`¤@drkfq£lW\XT_epqpqb s X C Xvpuf{kVinkYk`bVcg2A¦lbX*ce¦lbXmdrzqf*9$©c¡  _akfq*zh_aX*bVzs X C′ X*kfhzqXcaXvp s dgfhXvp Tstart − dmax/c X*f Tstop − dmin/c §°IX%pu_ankdncIzh*X*cÕ_aphpub s X C Xp}fkink=k`bVc2A¦bVX*ce¦bVXNmdrzqf*9Î©%c¡  _akfq*zh_aX*bVz s X C′ XvklfhzqX¢caXvp s dgfhXvp Tstart + dmin/c Xf Tstop + dmax/c §°ÕXvp s Xvboxpq_ankdnboxpuilkf s _ap@|}in_akfhp s UpTcjilzhpT¦bVX@n
Tstop − dmin/c < Tstart + dmin/c
w*X¦lb_Õp*  vw*zq_jfX*kw*inzhX@n
tn + pt∆t− dmin/c < tn − pt∆t + dmin/c
~X*fufqXNwink s _¼fh_jilk s inkVkVX©cedN¤¥in_ep{bVkVXw*inkfqzdr_akfqXpqbVz{cjXp{mdnzhdnW\U*fqzhXvp s bYmVzhinVcaU*WYXTXf 2@pq_wX*fufqX
w*inkfqzdr_akfqXYXvpufl*zh_IvX79¢bVk WYigtlX*k s XpqbVmVmVzh_jWYXvz,cjXpu_ankdnc
¤@drkfq£lWYXn§)°)d=wilklfhzhdn_jkfhX\mCinzqfqXpqbVz
â¥à$ÖIâäÒ
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/!0 Z
dmin
VXfXvcjcaX,pv  wzh_¼fTn
dmin > ptc∆t
§C]`_Õilk'bVfq_acj_epuXbk s vw*inbVmdnnXX*k=w*bVX 2@w3¤}§0InbzqXvZ\X*f¢rX93
dmin
Xvpuf drbW\_akV_aWbVWc¡  drzh¬fqX s XvpTwbXp*§o]`_wXfqfqXwilk s _jfq_ainkXp}f n*zh_I*Xln_acpqbYf s XNwSVil_apq_azªbVkVX
s dgfqX
Tcut
winWYmVzh_epuXm2@drb'puXvkpTp}fhzq_ew3f-9ÎXvkfqzhX
Tstop− dmin/c
X*f
Tstart + dmin/c
Xf s   drkVk`bVcaX*zfqilbp
caXvpNpu_ankdrboxPddnkfwXfqfqX s dgfqX
Tcut
milbVz¬*fqzhXpq¯Vz s   drkVk`bVcaX*zNcjX%pu_ankdnc¤@drkfh£nWYXphdrkpTfhinbwSX*zdnb
pq_ankdncCzh*XvcA§BkKwSVin_jxpq_jWYmVcaX,wilkpu_epufqX©\mVzqXvk s zhX
Tcut = tn
§
 giTi  `vµCº@Õ·¥µ  V¸  `¸  V  · o$
¨ kw*inkpqX*zhnXcjXpªkVinfhdrfq_ainkp s XcedpqXvwfq_ainkmzqw s X*kfqXl§y$inbzªbofh_jca_apqX*zw*XfufhXWYfhSVi s X s XNwvdrcewbVc
s drkpbVkFpuilcjlX*bVzmdnpu­ ©r­¡mdnpX*kFfqX*WYmpv$_jcª¤@drbof\_jWYmCilpqX*zbkVXpqXvwilk s Xw*ink s _¼fh_jilk n)¦bVXcaXpq_jlkdrc
zh*Xvc)kÕ  drfufqXv_jlkVXmdnp C′ dgdrkf¢cad s dgfhX tn § ;{k X«XfvCfhinbofwX\¦lb_$mzqwU s X%wX*fufhX s drfqXYwilzqzhXvpqmilk sdnbmdnphpuloXfXvpuf s inkw)Inn§ ¨ k s il_¼fdn_jkpu__aWYmipuXvzTn
Tstart + dmin/c > tn
w*X¦lb_IzqXv`_jXvklfd\mVzhX*k s zqX©\kVinbnXvdnb
dmin > ptc∆t
§
]`_w*XfufhXw*ink s _jfq_aink Xvpuf%nvzq_IvXnÕilkFmCinbVzhzhdPzhvdncj_epqX*z,c¡  _akfqvnzdgfq_aink s Xced:pqXvw3fh_jilk o§   § PmCinbVz
fhinbofhXvpTcaXvp s dgfqX
tm > tn
X*kPdtldrkfTcA  dnphpqbVzhdnkwX[n
 s XkVXzh_jXvkmCX*z s zhX s b=pu_ankdnczqvX*c  
 s XkVXzh_jXvkmzqXvk s zhX s bPpq_ankdnc¤@dnkfq£nWYXl§
 giTi   
   ` )µ 
r Vº 
? cedpqXvwfq_aink5V§ VCkinbp¢dnilkp£nfq s Xvp¢ilmvzhdrfqX*bzhp s X s *zh_jl*XpkVilzqWdrcaXvpNmCinbVzdrCinbVfq_az©cad
¤¥ilzqW%bVcaX)2}l793§ilbpÕdncjcainkpÕWdr_aklfhX*kdnkfÕnil_jzÕw*inWYWYX*kfÕcaXvp)zqv_jkfhzqi s bV_azhX s drkpÕcjX w*dncaw*bVcA§X*mzqXvkVinkp
ced¤¥ilzqW%bVcjXm2}93 s dnkpÎcedn¦bVXvcjcaXcaXvpªdnzq_edrcjXp
x
X*f
y
pqinkfªmdnzu¤@dn_¼fhX*WYX*kfpq*mdnzqvXvpv§ ¨ kdnmVmVca_a¦bVXcad
s *zh_jl
∂/∂ny
drbPpuXvbVcfqXvzqWYXX*k
y
oink'inVfq_aX*kfcad%¤¥ilzqW%bVcjXmCinbVzwvdrcewbVcaX*z FC n
FC(~s,t) =
∫
y∈Γ∩C
∂
∂ny
δ(t− ~s.
~yM
c
) ∗ Φ(y,t)dy
ilz
∂
∂ny
δ(t− ~s.
~yM
c
) ∗ Φ(y,t) = ~ny.~∇y
[
Φ(y,t− ~s.
~yM
c
)
]
irfqilkp
f(y,t) = t− ~s. ~yM/c §V°IXlzhd s _jXvkf s X¢ced%¤¥inkwfq_aink=wilWYmipuvX Φ(y,f(y,t)) p*  vw*zq_jfTn
~∇y [Φ(y,f(y,t))] = (~∇yΦ)(y,f(y,t)) +
[
(
∂Φ
∂t
)(y,f(y,t))
]
(~∇yf)(y,f(y,t))
Φ(y,t)
fdrkf s !IkV_aX,pqbVz
Γ
Vpuilklzhd s _jXvkfTpqmdgfh_adncXvpuf fdrkVlX*kf©%ced\pubVzq¤@dnw*X
Γ
dnbmCin_akf
y
o_¡§ Xl§
kinzhWYdnc©
~ny
§?ÕlXvw ~∇yf = ~s/c o_jcIzhXvpufqX[n
FC(~s,t) =
∫
y∈Γ∩C
~ny.~s
c
∂
∂t
δ(t− ~s.
~yM
c
) ∗ Φ(y,t)dy
Ö)ÖÌoÝ3éØ$p
Z`  8D&j
NXTW\¬vWYXngc¡  ilmvzhdrfqX*bz
∂/∂nx
d¢drmmdrzd efqzhX s dnkp$cad s !IkV_¼fh_jilk s XTc¡  ilmvzhdrfq_aink s   _akfq*lzhdrfq_ainkI
¦bV_Iw*inkpq_ep}fhXdncjilzhpT©Yw*dncaw*bVcaX*zTn
− 1
8π2
∂
∂nx
∫
t∈


∫
x∈Γ∩C′
∫
~s∈S
[
δ(t− ~s.
~M ′x
c
) ∗ GC′(~s,t)
]
ϕi(x)χm(t) dxdtd~s
∂nxϕi(x)
fhdnkfkbc@2@w*dnz ~∇ϕi XvpuffhdnkVnXvklf© Γ 9VinkPd n
∂
∂nx
[
GC′(~s,t−
~s. ~M ′x
c
)ϕi(x)
]
= −~nx.~s
c
∂
∂t
[
GC′(~s,t−
~s. ~M ′x
c
)
]
ϕi(x)
¨ kPnil_¼f s inkwdnmVmdrzd efqzhX s X*box'kVinbnX*cacaXvp s vzq_anvXvpTX*k'fhX*WYmp s dnkpcaXvpwvdrcewbVcep s   _jkfh*nzdgfh_jilk
X*f s   _jkV_jfq_edrca_epqdrfq_aink s XcA  drcanilzq_jfqSW\Xl§ ¨ zv s drkp
caXmVzhi s bV_¼f s Xwink`lincabofq_aink%_jkV_jfq_edrc2}vX93rcaXvp s *zh_jl*Xvp
XvkfqXvWYmpdn_jkpu_CXx`fqzdr_jfqXpÎmCX*bVlX*kfª¬*fqzhXNdrmmVcj_e¦bV*XpªdnbfqXvzqWYXN¦bVXNcA  inklX*bof§ ¨ kmilbVzqzd s ilkwcaXvp
fhzhdnkpu¤¥*zhX*z s drkpTcA  inmC*zdgfhX*bVz s Xfhzhdnkp}¤¥Xvzuf
TMM ′
¦lb_Ip*  vw*zq_azhd s puilzqWdr_epgn
T ~MM ′ (~s,t) =
∂2
∂t2
δ(t− ~s.
~MM ′
c
)
~XvcadkVXYwSdrkVlX,zh_jXvk5©fhinbp¢caXvp s *lX*cainmVmCX*WYXvklfp s X%cedpqXvwfq_aink5V§   § pubz¢w*XfufhX¤¥ilkw3fh_jilk s X
fhzhdnkpu¤¥X*zqfv§ ¨ k s *mVcednw*Xced s _j`_epu_aink mdnz
c
s XPc¡  _akV_jfq_edrca_aphdgfh_jilk lX*zpc¡  _akfqvnzdgfq_ainkÕ$ilk mCX*bVfdrcainzp
WYX*fufqzhX©¢|}inbVzcaXvp fhzqil_apTmSdnpqXvp s b=wvdrcewbVcn
 ä·  Vº @ o· ¥µ=inkPw*dncaw*bVcaX
FC(~s,t) =
∫
y∈Γ∩C
( ~ny.~s)Φ(y,t−
~s. ~yM
c
)dy
 
 ) 
· ilk'w*ink`nilcjbX FC mdnz
T ~MM ′(~s,t) =
∂2
∂t2
δ(t− ~s.
~MM ′
c
)
C·v  
o· ¥µ'ink'_jkfqUvnzhX
− 1
8π2c2
∫
t∈


∫
x∈Γ∩C′
∫
~s∈S
−~nx.~s
[
∂
∂t
δ(t− ~s.
~M ′x
c
) ∗ T ~MM ′(~s) ∗ FC(~s,t)
]
ϕi(x)χm(t) dxdtd~s
BkVX WdrkV_aU*zhX:pq_jWYmVcaX s X:mVzhX*k s zqX5wXvpWYi s _ICw*dgfh_jilkpX*k w*inWYmofqX s drkpcaX5wvdrcewbVc¢Xvpuf s X
wilkpu_ s vzqXvzN¦bVXced¤¥ilkw3fh_jilk s X%dnpqXXvkKXvpqmdlwX%pqbVz
Γ
Xp}f s vpqinzhWdr_ep
~nxϕi(x)
2@dnbKca_jXvb s X
ϕi(x)
9§
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inbp¢drcacjilkpNWYdn_jkfhX*kdnklfNXxomVca_aw*_¼fhX*z s XWdrk_jUvzqX\winkwzhUfqXcjXp s _j«*zhX*kfqXp¤¥ilkw3fh_jilkpbVfq_acj_epuvXvp
cainzp s XcA  drcanilzq_jfqSVWYXW%bVc¼fh_jmC£ncaXfhX*WYmCinzhX*c¡nmVbV_epÎmzqpuXvklfhX*zÎcaXvpªmVzhX*WY_jXvzhpÎzqpubVcjfhdrfhpªinofhX*k`bpÎcainzp s X
c¡  _jWYmVca*WYX*kfdgfq_aink s X,w*XfufhXWYfqSi s X s drkpTkirfqzhXpuilcjlX*bVzTmdlp©\mdnpTXvkfhX*WYmpv§
  LGK  fcT\ U TfcTV c 
  Rgf0U$\^cTZ Y,WHYU5N Z)V
C· 
 Îµº o·¥µ inbp
dlinkp$wSVin_epq_©Ncad¢pqXvw3fh_jilk\V§ío§  s X zhX*WYmVcednw*X*z$cad¤¥inkw3fq_aink s   _jkfqXvzqmCincedgfh_jilk
d  kVXNmdrzTWYinzwXvdnbox s Xced IlbVzhXnmdnzTbVkVX_jkfhX*zhmilcadrfq_ainkmcjbppqbVofh_jcaX s inkkV*X¢mdrzTc¡  ¦bdgfh_jilk
2¡rX9$Xfª¦bVXkVilbpÎdnmVmXvcjcaX*zhinkp ?yª]§°Õd IlbVzhXgZwilW\mdrzhX caXvp s X*bVx%_aklfhX*zhmilcadrfq_ainkpTnr°Õd¢¤¥ilkw3fh_jilk
wSdrmCXvdrbXp}f kVinkkbcjcaXNXvkbVkpqX*bcmCin_akfv`cad,¤¥inkwfq_ainkF?Nyª]Xp}f k`bVcjcaXXvk s XvSVinzp s X
[−pt∆t,pt∆t]2AdnXw_ew_
pt = 8
9§l°ª  _akfqX*zhmCincedgfq_ainkw*inWYmVcaUfqXpv  fqXvk s pqbVzn¢mdnp s XfqXvWYmp* s inkfpqX*bcjXvW\XvkfªbVkVX
fhzqXvkfhdr_akVXpqinkfTfqzdnwpTpubVzced InbzqX,gZ§
-0.2
 0
 0.2
 0.4
 0.6
 0.8
 1
 1.2
-10dt -pt.dt 0 pt.dt 10dt
Affine par morceau
APS
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°)d fqzdrkp}¤¥ilzqWY*X s X5±inbVzh_jXvz s _ephwzhUfqX s Xvp s Xvbox vwSdnklfh_jcacainkpXvpuffhzhdlw*X5pubVzcad InbzqX8no§
~ilWYW\X mVzh*`bI cjXp s X*box pqmCXvw3fhzqXpw*i¡kw_ s Xvklf=pqbVz
[0,fmax]
TmVbV_epPwX*cabV_ s X cad ¤¥inkw3fq_aink ?yª]
s vwzhi  efÎpubz
[fmax,fs]
2¥ilkdmVzq_ep
χs = 5
puil_¼f
fs = 5fmax
9$milbVzªpv  dnkVk`bVcjXvzÎpubz
[fs,fc]
§n°IXpqmCXvw3fhzqX
s Xcad¢¤¥ilkw3fh_jilkd  kVXXp}fÎ_ew_Cwinkp}fdrkfÎ*drc©YlrmVbV_epq¦bVXNwr  XvpufÎcad,±
±
R s   bVk  s _azhdlwTkbW\vzq_e¦bVX §
°ª  XvzqzhX*bVz
εt
mzqigli`¦bVvXmdrz¢caXzhX*WYmVcednwXvWYX*kf s X\cad¤¥inkwfq_aink:d  kVXmdnzced¤¥ilkw3fh_jilk?yª]:puX
WYXpubVzhX@n
  bVkVXmdrzqfmdrzTc¡  w*drzqfmdrzzdrmmilzuf©'pubVz
[0,fmax]
 
  drbVfqzhXmdrzqfmdrzc¡  w*dnzufTmdrzzdrmmilzuf©YYpubVz
[fs,fc]
§
¨ k=d%fqzdnw*pqbVzced InbVzhX,r |r̂(ω)− 1| Xf |r̂(ω)| XvkwSVX*cacjXcaindrzh_¼fhSVWY_a¦bVXl§irfqilkp
ε1t
Xf
ε2t
wXp s X*bVxX*zhzqXvbVzp 2A¦bV_ÕpqinkfmVzq_akw*_jmdncjXvWYX*kfT¤¥inkwfq_aink s X
pt
Xf
χs
9<n





ε1t = max
ω∈[0,fmax]
|r̂(ω)− 1|
ε2t = max
ω∈[fs,fc]
|r̂(ω)|
Ö)ÖÌoÝ3éØ$p
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dnmVmCX*cainkp
¦bVX kVinbp
dlinkp)bVkWdr|}inzdrkf)mCinbVz
εt
s ilkVkV mdrz 2ArZX9§ ¨ k s inkkVX s drkp$caXªfdrVcaXvdnb
Y¦bVXvca¦bVXpTdncjXvbVzp s X
ε1t

ε2t
Xf s X,w*X¢Wdr|}inzdrkf mCinbz¦lbX*ce¦lbXvpTgdrcaX*bVzp s X
pt
Xf
χs
§ ¨ kl*zh_IX
¦bVXcjXWYdr|}inzdrkf s ilkVkVmdrz 2¡gZ,9Wdg|}inzhXV_aX*k
ε1t
Xf
ε2t
$w*X s XvzqkV_aX*zfhdnkf%X*k n*k*zdrcÎcaXmVcabp
lzhdnk ss Xvp s Xvbox§
pt χs ε
1
t ε
2
t
²=dg|}ilzhdnklf s X
εt 
1,97.10−1 2,43.10−1 1,15 
1,14.10−2 2,50.10−2 8,66.10−2  
1,84.10−3 3,21.10−3 8,19.10−3 
1,03.10−1 1,11.10−1 4,35.10−1 
2,45.10−4 5,01.10−4 3,73.10−3  
5,70.10−6 1,43.10−5 3,36.10−5 
3,61.10−2 3,83.10−2 1,91.10−1 
3,08.10−5 4,14.10−5 1,61.10−4  
3,53.10−8 3,65.10−8 1,37.10−7
  C 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;{k wilkwcabpq_jilkITink w*inkpufhdrfqX8¦bVX5c¡  _jkfqXvzqmCincedrkf?yª] nvzq_IX5X«Xvw3fh_jlX*WYX*kfPcjXp'mVzqilmVzh_j*fqvp
dnkVkVilkwvXvpgn
 _jcXvpuf\fhzqUp\mVzqiowSVX s XPc¡  _akfqX*zhmCincedrkfd  kVX=pubz\caXvpYdnphpuXp¤¥zhv¦bVXvkwXp
[0,fmax]
dnXvwbVkVX
X*zhzqXvbVz
ε1t
 
 _jcÕXvpuffqzhUvpTmVzhiowSVX s X
0
pqbVzcaXvpSdrbofhXvp ¤¥zhv¦bVX*kwXvp
[fs,fc]
dnXwbVkXX*zhzqXvbVz
ε2t
 
 _jcÕXvpuf©\pqbVmVmCinzqfcj_aWY_¼fhX*k'fqXvWYmp s XcedrzhnXvbVz
2pt∆t
§
 VY· `*· inbpdncjcainkpTkVinbpTmcadlwX*z s drkpTbkKwinkInbVzdgfh_jilkpq_jWYmVcaXmCinbVzzhvdncj_epqX*zTbVk=mVzhX*WY_aU*zhX
pq*zh_aX s XfqXp}fp\pqbVz\cA  drcanilzq_jfqSW\XmVzhvpqX*kfql§ ¨ k mVzqXvk s s X*box pqmVSVUvzqXpzh_jl_ s Xvp s Xzdtnilk WYUfhzqX
Wdn_jcacjvXvp¢dnXw%rfqzh_adnkVncaXvpXf   pqinWYWYXfp¢wSdnwbkVXn§C°Õdw*inkInbVzdgfh_jilk=XvpufNfhzhdlw*X\pubzNcedEIlbVzhX
`§I°ª  bVkXXvpufwX*kfhzqvXYpqbVzc¡  ilzq_an_akVXlIwXpuXvzhd'cedPpumVSU*zhXYpqinbzhw*X2 s Xvphpq_jkVvXYX*k8VcaX*b9§)°Î  drbVfqzhX\Xp}f
w*X*kfqzh*X'pubz%caXmCin_akf s XPwi`ilz s ilkVkVvXvp
x = y = z = 6,6
XfwXpqX*zdKced:pqmVSVUvzqXzqwXvmofqzh_aw*X 2@X*k
lX*zqf*9§~Sdnw*bVkVX s XwXp s XvboxYpqmVSVUvzqXp{XvpufªmVcednw**X s dnkpÎbkVXCi  efqX s   drzh¬fhXNoí¢WPnc¡  XvkpqX*WcjX*fhdnklf
w*inkfqXvk`b s drkpbVkVX%i  afhX¦bdgfhzqX¤¥il_apmVcabplzhdnk s X s   drzh¬fhX      WP§ ¨ kKpuX,zhXfhzqilbVnX,dn_jkpu_ s drkpcad
w*inkInbVzdgfh_jilk,cad¢mVcabpÎpq_aW\mcjXTmCinbVz{c¡  dncjlinzh_¼fhSVWYXW%bVcjfq_am£lcjX@n bVkVX_akV_¼fh_adncj_ephdgfq_ainkÕbk%fhzhdnkpu¤¥X*zqfvgbVkVX
_akfqvnzdgfq_ainkÕ§rinbpÎdrcacjilkp{*fqb s _aX*zªX*k s *fhdr_acw*Xvp{fhzqil_ap
mSdnpqXvp s drkp{caXwvd s zhX s XwXwvdnp
fhXvpufpq_jWYmVcaXn§
]`bzcad puilbVzwXn$fhinbp\caXvp s X*lzqp s XPcj_aXvzufh'pqinkfk`bVcep*{phdrbo¤wX*cabV_TmCinzqfqPmdrzYcaX'pqinWYWYXf s X
w*i`inz s inkVk*Xvp
(1,0,0)
¦lb_$gdnbof\%bVkV_e¦bVX*WYX*kf,©ced s dgfhX
t0
§°Î  drzh¬fhXWYigtnXvkVkVX,WYXvpqbVzhX\   WP
XvcjcaX s inkkVXTcadN¤¥zhv¦bVX*kwXTWdgxo_jW%bVW mVzhinmdrnXdrVcaX
fmax = 54,91
® 2AdnXwmCin_akfhp{mdnz
cjilkVnbVXvbVz
s   ilk s X79§°IXY~ ±$°8gdnbofNVí\puil_¼fbk=mdnp s XfqX*WYmp
∆t = 9,1.10−4
X*fbVkVX¤¥zhv¦bVXvkwX s X%winbmVbVzhX
fc = 10fmax = 549,1
®n§ ¨ k8wSVin_epq_¼f s XmVzhX*k s zqX
pt = 8
Xf
χs = 5
§g?ÕlXvw\bVkVXY¤¥zhv¦bVXvkwX s X
pqX*b_jcacadnnX
fs = χsfmax = 274,55
®lgcjX kVilWVzhX s XmC£ncaXvp s Xp)¤¥inkwfq_ainkp s XTzd s _edgfh_jilk,gdrbofª   §°)d
pqmVSVUvzqXbVkV_jfq Xvpuf s _aphwzhfh_apq*X dnXvwªbVkVX nzh_jcacaX
(θi,ϕj)
wilWYmilzufdrkf
29×58 s _azqXw3fh_jilkp 2@zqXvmVzhvpqX*kfqvXvpXvknXvzufTpubzced IlbVzhXN   93§ ¨ kd,vldrcaX*WYXvklf _apqincaN¦bdrfqzhX s _azqXw3fh_jilkpªmzq*¤¥*zhX*kfq_aX*cacjXp)2@X*kcjXvb9ª¦bVX
Ö)ÖÌoÝ3éØ$p
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c¡  inkbVfq_acj_epuXvzhd s drkpªcaXvp mdnzhdnnzdrmVSVXpÎpqbV_jgdnklfpªmCinbz _acacjbpufqzhX*z kVinfqzhXNmVzhinmCilpv§l¢drkpcaXNfhdrcjXdrbZ\puX
fhzqilbVnXvkfNcaXvpNdncjXvbVzpNdnmVmVzhi`wS*Xvp s Xvpw*iilz s inkVkVvXvp s X\w*XvpNnXw3fqXvbVzp s dnkpNcaddnpqXilzufhSVinkinzhW\vX
( ~ux, ~uy, ~uz)
§
N_jzhXvwfq_aink
x y z
?x`XcaXmVcabpmVzhiowSVX
 ­ÀV§ n ­ÀV§a   ­ÀV§     − ~uz ­ÀV§ío §ín ­ÀV§ Z
+ ~uy §     ­ÀV§ír § Z
+ ~uxZ ­ÀV§av ­ÀV§av §    
+ ~uz
    Z   @D#$ D&0&j*!+ !+ %#$*(
D&+Q#$ !#$!&
%!+
 ä·  Vº @ o· ¥µ y$ilbVzbVkVX,w*X*cacjbVcaX C s ilkVkV*Xloink s in_jfw*dncaw*bVcaX*zTcad\¤¥ilkw3fh_jilk s !IkV_aXmdnzTn
FC(~s,t) =
∫
y∈Γ∩C
( ~ny.~s)Φ(y,t−
~s. ~yM
c
)dy
2@l9
°)dT¤¥inkwfq_aink s XÎminfqXvklfh_jXvc
Φ(y,t)
Xp}f s !Ik_jXmdrz)cadgdncjXvbVz s Xp s Xvnzhvp s Xªca_jCX*zqfq winkfhX*k`bp s dnkp
C ©ced s dgfhX tn s XkVirfhzqXwvdrcewbVc¡§Vinfqinkp nCdl
cjXkVilWVzhX s   _jkw*inkVk`bVXpTwinkwX*zhkVvXvpvX*f
(λj)1≤j≤nC
dlcaX*bz{dncjXvbVzpÎ©¢cad s drfqX
tn
§ ¨ kYkVinfqXTfhinbg|}ilbVzhp
ϕj(x)
caXvp
¤¥ilkw3fh_jilkp s XdlpuX
P1
s IkV_aXvpÎ©cedpuXw3fh_jilk
l§jl§ § VVXf
r(t)
cadY¤¥ilkw3fh_jilk?y] s   _jkfhX*zhmilcadrfq_aink=X*kKfqX*WYmp s X%cadpuXw3fq_aink o§ì`§ío§°)dY¤¥inkw3fq_aink
Φpv  vwzh_jfTn
â¥à$ÖIâäÒ
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Φ(y,t) =
nCdl
∑
j=1
λjϕj(y)r(t − tn)
y
drzdr_acjcaX*bVzpvÎcA  _aklfh*lzhdncjX=pqbVz
Γ ∩ C gd pqX=¤@dr_azqX=mdrzc¡  bVfq_acj_epqdrfq_aink s X=mCin_akfhp s X drbpqp Gkdlpqpqiow_avpT© s Xvpmil_ s p s   _akfqvnzdgfq_aink
pk
2¥mVzh_epSVinWYilnU*kXvpT© s XvppqbVzq¤@dnw*XvpvVwr  Xvpufu­À©g­ s _jzhXdtldrkf s }|u©
*fqW%bVcjfq_amVcj_avpmdrz%cA  dr_azhX s b8fqzh_adnkVncaXwilkfqX*kdrkf
Gk
93§ ¨ k kVinfqX
nCptG
caXkVinW%VzhX s XmCin_aklfp s X
dnbphp{bofq_aca_apqvpv§?_jkpq_¡lced¢¤¥inkwfq_aink s Xzhd s _adrfq_aink FC pqXwvdrcewbVcaX©mdnzufh_jz s XcA  XxomVzhXvphpq_jilk\pqbV_adnkfqX@n
FC(~s,t) =
nCptG
∑
k=1
pk ~nGk .~s
nCdl
∑
j=1
λjϕj(Gk)r(t −
~s. ~GkM
c
− tn)
¨ k5¤@dr_jf,wXw*dncaw*bVc
X*k s X*box5fhdnmXpgnfhinbof s   drCinz s ilk:*gdncjbVXYced¤¥ilkw3fh_jilk5lXvwfqinzh_aX*cacjX s !IkV_jX
dnboxmCin_akfhp s Xdnbpqp
Gk
mdnzTn
~h(Gk) = pk ~nGk
nCdl
∑
j=1
λjϕj(Gk)
Ö)ÖÌoÝ3éØ$p
Z    8D&j
y{b_apilkPbofq_acj_epqX ~h milbVzinofhX*kV_az FC n
FC(~s,t) =


nCptG
∑
k=1
r(t− ~s.
~GkM
c
− tn)~h(Gk)

 .~s
2@nZX9
¨ kPmCX*bofvldrcaX*WYXvklfbofh_jca_epuXvz ~h milbVzinVfqX*k_jzced%fqzdrkpu¤¥inzhWY*X s X,±VilbVzq_aX*z s X FC n
F̂C(~s,ω) =


nCptG
∑
k=1
r̂(ω)e−i
~s. ~GkM
c
ω~h(Gk)

 .~s
2@ 9
ÀcÕdnmVmdnzhd  af s inkw¢fqzhin_epWdnkV_jUvzqX s X,wvdrcewbVcaX*zTced\¤¥inkwfq_aink s Xzd s _edgfh_jilk n
puil_¼f s _jzhXvwfqX*WYXvklfXvkfhX*WYmCinzhX*cIdnXwced%¤¥inzhWbVcaXE2@nZX9 
puil_¼fXvk¤¥zhv¦bVXvkfq_aX*cÕdlXvwNcad%¤¥inzhWbcjXE2@ 9 pqbV_j`_aX s   bkVX,±
±$R»_aklX*zpuX 
puil_¼fXvkK¤¥zhv¦bVX*kfh_jXvc =w*inWYWYX\w*_¼­ s XvphpqbpPWdr_epX*k5_jWYmCilphdrkfcadk`bVcacj_jfq s X F̂C(~s,ω) milbVz
ω > ωs
2@wvdrzTink=phdr_jf¦lbX
r̂(ω)
n*zh_IXwXfqfqXmVzhinmzq_afh793§
¢drkp caX¢wvdnp s Xp s X*boxpqmVSVUvzqXp s X¢ced IlbVzhX¢lolcaXzhdtlink s X¢cedCi  efqX¢X*kkVinW%VzqX s X
c∆t
gdrbof
rt = 7
§ FC(~s,t) wilWYmilzufhX s inkwdrbPmVcabp 2(pt + rt)− 1 = 29 vwSdnkfq_acjcainkpTkinko­ k`bVcap 2 s X −14∆t©
+14∆t
93§]`bVz¢cad InbVzhX%  02@dX93inkKdfhzhdlw,cedgdncjXvbVz s X FC(~s,t) X*k=¤¥ilkw3fh_jilk s b=fhX*WYmp t milbVzwSdnwbkVX s XpY¦lbdgfqzhX s _jzhXvwfq_ainkp%mVzh¤¥vzqXvklfh_jXvcjcaXvp
~s
§{°Õd puilbVzhw*X*fhdrkf¦bdnpq_jWYXvklfYmCinkwfqbVXvcjcaXn
ink
zhXfhzqilbVnX¢Z\¤¥in_epTcad%¤¥ilzqWYX s Xced¤¥ilkw3fh_jilk?yª] 2%InbVzhX,gZX9§
°ÕXvp s _¼«*zhX*kw*Xvp s   drWYmVca_¼fhb s X%pv  XxomVca_a¦bVXvklfNmdrzNcjXfhX*zhWYX
~ny.~s
s X%cA  v¦bdrfq_aink 2@l9§ {bKcedmCir­
pq_jfq_aink s XcadYpqinbVzwXl
~ny
Xp}f s _azq_anpqX*caink'cA  dgxoX
(Ox)
CXfcjXmzqi s bV_jfphw*drcedr_azhX
~ny.~s
XvpufTn
 ¤@dr_aVcaX s drkpTcaXvp s _jzhXvwfq_ainkpXfZ2 s   i PcjXpT¤@dr_aVcaXvpdrWYmVca_jfqb s Xp s XwXpwilbVzqCXvp*9 
 kV*dgfh_¼¤ s drkpTcad s _azqXw3fh_jilkP 2 s   i 'caXzhX*k`nXvzhpqX*WYX*kf s XcadYw*inbVzhX89 
 mipu_jfq_j¤
XfmVzhiowSVX s X s drkpTced s _azqXw3fq_ainkP2 s   iPced%¤¥inzqfqX,drWYmVca_jfqb s X893§
°ÕXvp s vmVSdlpqdnnXvp¢mVzhig`_jXvkVkVXvklf s b8fhX*zhWYX
~s. ~yM
§$NdnkpcaXw*dlpmdrzqfq_ewbVca_aX*z s   bVkVXpqmVSVUvzqXl ~yMXp}fw*inca_jkVdr_azqX¢XfilmVmCilpq©\cedYkVinzhWdrcaXn s ilkw¢ink s in_jfinpqX*zhnXvzbk s *mVSdlpqdnnX@n
 ¤@dr_aVcaX s drkpTcaXvp s _jzhXvwfq_ainkpXfZ  
 mipu_jfq_j¤ s drkpcad s _azqXw3fh_jilkP 2¥zhXfdrz s 9  
 kV*dgfh_¼¤ s drkpTcad s _azqXw3fh_jilk'2@dgdnkwX893§
°ª  dnkdrcatopuX¢XvpufV_aX*k=pq¯Vzpu_aWYmVca_IvXmdrzcaX¤@dr_jf¦bVXcedpuilbVzhw*XNXp}fzh s bV_¼fhX,drbPpubmVmilzuf s   bVkX,puXvbVcjX
¤¥ilkw3fh_jilk s XdnpqXn§V°ÕXvpTzhvpqbVc¼fdgfpTinofhX*k`bppqinkfTfqzhUvpphdgfq_epu¤@dr_epqdnklfp*§
]`bzÎcad"IlbVzhX  02@93rilk\dNfhzhdlwTcjXWYi s bVcaX s XcedNfqzdrkpu¤¥inzhWY*X s X±VilbVzq_aX*z s Xw*XfqfqXT¤¥inkw3fq_aink s X
zd s _adrfq_aink s drkpÎcjXpÎZ s _azqXw3fh_jilkp s   fhb s Xvpv§ ¨ kYzhXfhzqilbVnXTV_aX*kpq¯VzÎcaXmVzhiDIcpumCXvwfqzdrc s Xcad¢¤¥ilkw3fh_jilk
?Nyª] 2%IlbVzhXl 9 ¦bV_Õpv  dnkVk`bVcaX©\mdnzufh_jz s X¢ced\¤¥zhv¦bVX*kwX s XpuXvbV_acjcedrlX
fs
§
;{k ilbofqzhXn{wilkwXvzqkdrkf\caXvp5WdrkV_aU*zhXvp s X=wvdrcewbVcaX*z FC {ink w*inkpufhdrfqX=¦bVXPcA  vwvdrzqf\XvkfqzhXcaXvps _¼«*zhX*kfqXp
drmVmVzhiowSVXvpÕXvpuf)fhzqUp)¤@dr_aVcjX 2¥caXvp
w*inbVzhXp
puilklf$nzdrmVS_a¦bVXvW\Xvkf)_ak s _epqpqiow_edrVcaXvp*93§g°IXTwSVil_¼x
pqX¤¥Xvzhd s ilkw s   bVkVXmdrzqfX*kP¤¥ilkw3fh_jilk s X,cedYzhdnmV_ s _¼fh s   Xxovw*bofq_ainkÕ s   drbofhzqXmdrzqfX*kP¤¥ilkw3fh_jilk s Xvp
*fhdnmXppub_jgdrkfhXvp s b w*dncaw*bVc2AdrbVzd5fu­ ink mVcabofq£nfXpuil_jk s X FC s drkpcaX s ilWYdn_jkXfhX*WYmCinzhX*cilb¤¥zhv¦bVXvkfq_aX*c893§
â¥à$ÖIâäÒ
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R)X*zhWY_jkVilkp{mdnz s X*bVx%zhX*Wdrz¦bVXvp
wilkwXvzqkdrkf{cjXp{mXvzu¤¥ilzqWdnkwXpgn s   bVkVXmdnzuf s drkp{cad¢¤¥ilzqW%bVcaX
2ArZ,93VcaXvpdnmVmCX*cepzh*mCfqp©YcedY¤¥inkwfq_aink?y]
r(t)
s IkV_aXmdrz 2ArX9 zhdncjXvkfq_epqpqX*kfcaX,w*drcewbcA§ ÀcÕpuXvzhd
pqinbSdr_jfhdnVcjX s   dnmVmVzhix`_aWYX*z
r(t)
mdnzÕbVkVXª¤¥inkwfq_aink,d YkXªmdnzIWYinzwXvdnboxdnXvw
bk,kVinW%VzhX s XªmCin_akfhp
s   _akfqX*zhmCincedgfq_aink\mdnz
∆t
© s IkV_azv§l  drbofhzqXmdrzqfv s dnkp
ced¢¤¥inzhWbVcaX 2@ 93ncA  XxomCinkVXvklfh_jXvcjcaXwilWYmVcjX*xoX
e−i
~s. ~GkM
c
ω zdrmVmCX*cacaXv_ s XvW\WYXvklfw*X*cacjXPinpuXvzql*X s drkpYced5±{²K² 2Adrb pu_ankVX'mVzhUvp%fqilbofqX*¤¥in_ep 9§ ωmzqXvkdrkf{milbVzªgdncjXvbVz{bVkVXpqbV_jfqXca_akVvdn_jzhX
0,2π/T,4π/T,6π/T, . . .
2¥i
T
XvpufªcedcjilkVnbX*bVz s bpq_ankdnc
XvkFfhX*WYmp*9ced:pqbV_jfqX s Xp%X*xomilkVX*kfq_aX*cacaXvp%Xvpuf\l*inWY*fqzh_a¦bVXl§H;{cacaXvpYmCX*bVlX*kf s inkwpuX s  s bV_jzhX s Xvp
fhX*zhWYXvpÎmzqw s X*kfhpmdrz pu_aWYmVcaXWbc¼fh_jmVca_ew*dgfh_jilk2@w*XN¦bV_wil¯ofqXfqinbr|}inbVzpÎWYin_akp wSVX*z ©wvdrcewbVcaX*zªpqbVz
bk'ilz s _jkdrfqXvbVz¦lbÕ  bVkXXxomilkVX*kfh_jXvcjcaX79§
 µ )¹r· ¥µ ! ·
 ) 
· °Î  fdrmCX s Xfhzhdnkpu¤¥X*zqfªwinkpu_ep}fhX©¤@dr_azhXcad,w*ink`nilcjbVfq_aink\mdrzÎced¤¥ilkw3fh_jilk
T ~MM ′ (~s,t) =
∂2
∂t2
δ(t− ~s.
~MM ′
c
)
w*X,¦bV_zqXv`_jXvklf©%¤@dn_jzhX s X*box s *zh_an*XpTXfbVk s vmVSdlpqdnnX s   bkPfqX*WYmp
~s. ~MM ′/c
¦bV_ mCinbzkVirfhzqX
dnmVmVca_awvdgfh_jilk gdrbofXvk`_azhink n
_azhXvw3fh_jilk8@n
t1 = −25,5∆t_azhXvw3fh_jilkKQn
t2 = −3,6∆t_azhXvw3fh_jilk= n
t3 = 23,6∆t_azhXvw3fh_jilkPZ`n
t4 = 15,5∆t?mVzqUpzhXvpufqzh_awfq_ainkKdnbox'SdrzhW\ilkV_e¦lbXvppqmVSVvzq_e¦bVXvp s XzdrkV ≤ L  T ~MM ′
Xvpuf¢dnmVmVzhi`wS*Xmdnzcad
¤¥ilkw3fh_jilk n
T L~MM ′(~s,t) =







c
MM ′
∂2
∂t2
L
∑
l=0
(l + 1/2)Pl
(
ct
MM ′
)
Pl
(
cos(~s, ~MM ′)
) pq_ |t| < MM
′
c
0
pq_akVink
¢drkpcjXwvdnp s Xvp%PpqmVSVUvzqXp*ÕcadPcainkVlbVX*bz s b8fqzdrkpu¤¥X*zqf,Xvpuf |MM ′| = 6,6 × √3 = 11,43 Wpqin_jfX*k``_jzhink
dt = 37∆t
§°)d¤¥ilkw3fh_jilk s X\fhzhdnkp}¤¥XvzufwilWYmilzufhX s inkw
2dt − 1 = 73
wSdrkfh_jcacjilkp
kinko­ k`bVcap 2 s X −36∆t © +36∆t 9§ ¨ k=d\fqzdnw*,wXfqfqX¤¥ilkw3fh_jilk 2@phdrkpcaXvp s *zh_jl*Xp 9 Xvk¤¥ilkw3fh_jilk s bfhX*WYmp s drkpªcaXvpªZ s _azqXw3fh_jilkpÎmVzh¤¥vzqXvkfq_aX*cacjXp s X¢kVirfhzqXfqb s XNpqbVz cad InbVzhXlV§l°ÕXvp ¦bdgfhzqXgdncjXvbVzhp
t1,t2,t3,t4
t\pqinkfÎvldrcaX*WYXvklfW\Xvkfq_ainkVkVvXvp{Xvkdrphw_ephpuXl§ ¨ knil_¼f¦bVXcad¢fhzqilkw*drfqbVzhX s Xced,pq*zh_jXdnb
zdrk
L
dmCinbVzNX«Xf s   drmmVzqiowSVXvzcaX s _azhdlw
δ(t − ti)
mdrzNbVkVX¤¥ilkw3fh_jilkKilphw_acacadnklfhX s inkfcedWdnphpqX
pqXwilkwXvklfhzqXXvk
ti
§
°ª  *fqb s X s Xcad'¤¥ilkw3fh_jilk s XYfqzdrkpu¤¥X*zqf s dnkpcaX s inWdr_akVXY¤¥zhv¦bVXvklfh_jXvcÎXvpuf,_aklfh*zhXvphpqdnkfqX2%IlbVzqX
79§ ¨ k%fhzhdgdn_jcacjXT_ew_ofhinbg|}ilbVzp{dnXvw cedN¤¥inkwfq_aink s XTfqzdrkp}¤¥XvzufÎphdrkp{pqXvp s *zh_jl*Xvpv§ ¨ k\XvpufÎ_aw*_ s drkp{cjX
wvdnp s   bkVX¤¥ilkw3fh_jilk¦lb_kI  Xvpufmdnpª©,drk s Xca_jWY_jfq*XNX*k¤¥zhv¦bVXvkwXl§lNbwilbVmI`wilW\WYXpqinbcj_ankVN©cad
pqXvwfq_ainkYo§ì`§íocadNfhzhdnkp}¤¥ilzqWYvX s X±VilbVzh_jXvz s _aphwzhUfhX s b\pq_jlkdrc`XvkfhX*WYmp
vwSdrkfq_acjcainkkV
T L~MM ′(~s,tk)2:InbzqXYVX2@d9 9NkVX s inkkVX%mdnpcaX\pqmXw3fhzqX s X
T̂ L~MM ′(~s,ω)
2:InbVzhXYV2@9 93§I°ÕXvpN¤¥zq¦bVX*kw*Xvp¢Xx`fh­
zh_aX*bVzhXvp,©
[−fc,fc]
`_jXvkVkVX*kfmCincacabVX*z%cjXzhvpqbVcjfhdrfv)w*X¦bV_ªX*xomVcj_e¦bVXced s _j«CvzqXvkwXX*kfqzhXcjXp s Xvbox
w*inbVzhCXvpv§
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T L~MM ′(~s,t)
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· ¨ kPw*drcewbcjXX*kpubV_jfqXced%¤¥inkwfq_aink s Xzhd s _adrfq_aink GC′ ilofqXvkbXNmdnzcjXmzqi s bV_jf s X,wilk`nincabofh_jilk n
GC′(~s,t) = T L~MM ′(~s,t) ∗ FC(~s,t)°)dWYfqSi s XcadmVcabppu_aWYmVcjXmCinbzªzhvdrca_epuXvz
w*Xw*dncaw*bVcVXvpuf s XzhXvpufqXvz s dnkp{caX s inWdr_akVXTfhX*WYmilzqXvcA§ ¨ k
ilofq_aX*kfÎcaXvp{w*inbVzhXp s Xced InbVzhXlV§D?ÕlXvwTbVkVXT¤¥ilkw3fh_jilk\pqinbzhw*XT©
2(pt +rt)−1 = 29
wSdrkfh_jcacjilkp
kinko­ k`bVcapvXfTbVkVXN¤¥inkwfq_aink s Xfhzhdnkp}¤¥XvzufT©
2dt− 1 = 73
vwSdrkfq_acjcainkpÎkVilko­¡k`bVcepv GC′ drbzhd,dnbmVcabp
2(pt + rt + dt)− 3 = 101
vwSdnkfq_acjcainkp kVilko­ kbcap 2 s X −50∆t © +50∆t 9§°)d w*ink`nilcjbVfq_aink mdrzYcad5¤¥ilkw3fh_jilk s XPfhzhdnkpu¤¥X*zqf2ApqdnkppuXp s *zh_an*Xp 9zhX*`_jXvkf©5fhzhdnkpucedgfhX*z\cad
¤¥ilkw3fh_jilk X*k fhX*WYmpv§ ¨ k s Xv`zhdn_¼f s ilkw=ilpuXvzqlX*zcaX:WY¬*WYXKWYi s bVcaXKmCinbVzcjXpfhzhdnkp}¤¥ilzqWYvXvp s X
±inbVzh_aX*z F̂C Xf ĜC′ §;{k=mzhdrfq_e¦lbXn T ~MM ′
*fhdrkfdrmmVzqiowSV¢mdnz
T L~MM ′
cad\zhXvphpuXvWVcedrkw*XNdYpqbVzufhinbof
ca_aX*bmCinbVz cjXpÎdlpqpqXvp{¤¥zq¦lbX*kw*Xvpvni
T̂ L~MM ′
Xp}fªmzqiowSVX s X2Aw3¤}§InbVzhX2¥j9@9Îw*inWYWYXinkcaXlin_jf
pqbVzced InbVzhXn§
¨ kPmCX*bofdnbpqpq_¤@dr_azhXw*XfqfqX,wilk`nincabofh_jilk s dnkpTcjX s ilWdr_akVX¢¤¥zq¦lbX*kfq_aX*c¡§y$inbVzw*X*cedVo_ac¤@drbVf
 fhX*k s zhX,dnXw s XvpT®*vzqip F̂C(~s,t) drbPkVilWVzhX s   wSdrkfq_acacjilkp s X GC′   ¤@dr_azqXbVkXfqzdrkpu¤¥inzhWY*X s X,±VilbVzq_aX*z s _ephwzhUfqX 
 WbVcjfq_amVca_jXvzfqXvzqWYX©\fqXvzqWYXmdnz
T̂ L~MM ′(~s,ω) ¤@dr_azqXbVkXfqzdrkpu¤¥inzhWY*X s X,±VilbVzq_aX*zT_ak`nX*zpqXNmCinbVzzqXvnX*k_jz s dnkpTcjX s inWdr_akVX¢fqXvW\mCinzhX*c¡§
y
dnzwXfqfqXdrmmVzqiowSVXloink'inofh_jXvkf s XvpTzhvpqbVcjfhdgfpTnzdrmVS_a¦bVXvW\Xvkf _ s X*kfh_a¦bVXpdrbox'mVzqw s X*kfhpv§;{cacjX
mCX*zhWYXffqinbVfqX¤¥il_ap s   drmVmcj_e¦bVX*zTpu_aWYmVcaX*WYX*kfced s *zh_jl*XNpqXvw*ink s XX*kfhX*WYmpv`mVbV_epq¦bI  _jcpqbYf s   _aklfh­
lzqXvzTbVk=wi`X w_aX*kf
(iω)2
©%ced%¤¥inkwfq_aink s X¢fqzdrkp}¤¥XvzufT¤¥zhv¦bVX*kfh_jXvcjcaX
T̂ L~MM ′ (~s,ω)
§
C·v  
o· ¥µ °Î  fdrmCX s   _jkfqvnzdgfh_jilkwilkpq_apufqX©Yw*dncaw*bVcjXvz
Λmi = −
1
8π2c2
∫
t∈


∫
x∈Γ∩C′
∫
~s∈S
−~nx.~s
[
∂
∂t
GC′(~s,t−
~s. ~M ′x
c
)
]
ϕi(x)χm(t) dxdtd~s
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i
Xp}fc¡  _jk s _aw*X s   bVk s X*lzq s XKcj_aCX*zqfq:w*inkfqXvkb s drkpcedFw*X*cacjbVcaX C′ Xf m Xvpufc¡  _ak s _ewX s   bVkmdnp s XfqX*WYmp2@mip}fh*zh_jXvbVzdrb fqX*WYmp\mVzhvpqX*kf s drkp%caX=w*dlp s   bVk puilcjlX*bVz\mdlp}­À©g­ mdnpX*k fqXvW\mp*
¦bVXvcaw*ink¦bVXNpu_akVinkj93§`°Õd,gdncjXvbVz s X¢wX*fufqX¢_aklfh*lzhdncjXpqXzdg|}ilbofqX©cad,_¼­ U*WYXNw*i`inz s inkVk*Xvp s blXvw3fhX*bVz
Lm
wilzqzhXvpqmilk s dnklfT©Ycad s drfqX
tm
§
°ª  _akfq*lzhdncjXpqbVz S Xp}f s _ephwzhfq_epq*XwilWYW\XmzqpuXvklfh©Pcad=pqXvwfq_ainkFo§ V§Õ°ª  _akfqvnzdrcaXYpqbVz Γ Xp}fwvdrcewbVca%©cA  dr_ s X s XmCin_akfhp s X drbphp
Gk
s X%mil_ s p
pk
§ ¨ k=¤@dr_jf¢caXYw*drcewbc)Xvk s Xvbox=fhdnmXp*§R)inbof
s   dnilz s $mCinbVzYwSdn¦bVXmil_jkf s X drbphp
Gk ∈ Γ

ink w*drcewbcjXcadK¤¥inkwfq_aink lXvwfqinzh_aX*cacjX
~g(Gk ,t)s !IkV_aXmdnzTn
~g(Gk ,t) =
∫
~s∈S
GC′(~s,t−
~s. ~M ′Gk
c
)~sd~s
y{b_apilk=w*drcewbcjX@n
Λmi =
1
8π2c2
nC
′
ptG
∑
k=1
~nGkpkϕi(Gk)) [~g(Gk ,tm)− ~g(Gk ,tm−1)]
¨ kFkirfqXfqilbg|}inbVzp
RC′
caXzdtnilk s X C′ Xf rt caXmVcabp\mX*fq_jf\Xvkfq_aX*zYp}fhzq_ew3fhX*WYX*kf\pqbVmC*zh_jXvbVz%©
RC′/c∆t
§ ¨ kphdr_jf
¦bVX c¡  wSdrkfq_acacjilkVkdrlX s X GC′ wilWYmilzufhXdrb%mVcabp 2(pt+rt+dt)−3 vwSdnklfh_jcacainkpkinkFk`bVcepmCinbz%caXvp s dgfhXvp\wilW\mzq_epuXp,XvklfhzqX −(pt + rt + dt − 2)∆t Xf +(pt + rt + dt − 2)∆t §y$ilbVzw*dncaw*bVcjXvz
~g(Gk ,t)
VilkP_jkfqXvzqmCincaX GC′ s XWdrkV_aU*zhX,d  kVXmdnzWYinzwXvdnboxilb'`_edYbVkVX¤¥ilkw3fh_jilk?Nyª]KpqbV_agdrkf¢cedmzqw_epu_ainkKzhXv¦bV_epqXn§NdnkpcaX\mVzqXvWY_jXvz¢wvdnpvCw*XfufhX%_akfqXvzqmCincedgfh_jilkKfdrkf¢k`bVcacaXmCinbVz
|t| > (pt + rt + dt − 1)∆t
cad¤¥inkw3fq_aink
~g(Gk,t)
XvpufmilbVz,pqdmdnzufk`bVcjcaXYmilbVz |t| > (pt + rt +
dt − 1)∆t + RC′/c
§ª]VdnwSdnklf¦bVX
RC′/c < rt∆t
ªink X*k s  s bV_¼f¦bVX
~g(Gk,t)
Xvpufk`bVcacjXPmCinbVz
|t| ≥ (pt + 2rt + dt − 1)∆t
§
?b Ikdrc¡ocA  vwSdrkfq_acjcainkkdrlX s X
~g(Gk,t)
wilW\mCinzqfqXdrb'mVcabp
2(pt + 2rt + dt)− 3
vwSdnklfh_jcacainkp
kink'kbcap 2Apuil_¼f
2rt
s XmVcjbp¦bVX GC′ 93§ ¨ k'mCX*boffhinbofhX¤¥il_ap s inkVkVXvzbVkVX¤¥ilzqW%bVcjXmVcabppq_jWYmVcaXmCinbVz
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w*XfqfqX¦bdnklfh_¼fh@nVXvk=X«Xfvpq_Iink=zhX*mVzhX*k s caXvpfqzhin_epfdrmCXvp s X,cA  drcanilzq_jfqSW\XlVinkPmCX*bof¢vw*zq_azqX
~g(x,t)pqinbpTcad%¤¥inzhWYX@n
~g(x,t) =
∫
~s∈S
∫
y∈Γ∩C
( ~ny.~s)Φ(y,t−
~s. ~yx
c
)~sdyd~s
]`_{ilk5kirfqX
Dt
caX s _adnW\U*fqzhX s X\c¡  ino|}X*f
Γ
X*k kVilWVzhX s X
c∆t
ilk:X*k s  s bV_jf¦bVXYcaXYkVinW%VzqX
s   wSdrkfq_acacjilkp kVinkPk`bVcep s X
~g(x,t)
kX s *mdlpqpqX¢mdnp
2(pt + Dt)− 1
§
 µ  
" ¥vµ ! `
`Õº¥· o· ]`bVz{ced`InbVzhX nZinkYwilWYmdrzhXªcaXvp
gdrcaX*bzhp s Xp s X*nzhvp s XTca_jCX*zqfq
k`bVWYvzqi'V{vIrX*f,n'pubVzcedpqmVSVUvzqX\zhvwXvmofqzh_ewXY©c¡  _ephpubVX s b mVzhi s bV_¼f s Xw*ink`nilcjbofh_jilkI§]`bVzcad
InbVzhX¢nZ2Ad93ink¤@dr_jfwXw*dncaw*bVcink¤@dn_aphdrkfTzhdtlinkVkX*zªced¤¥inkwfq_ainkPpuilbVzhw*XNwSdnmXdrb 2¥kVinfq*X
γn(t)
Xf
fhzhdlwvX pqbVz{ced InbVzhX79)`_ad¢ced¢W\*fqSVi s Xw*cadlpqpq_e¦lbX bVfq_acj_epqdnkf
caXvpÎWYdrfqzh_aw*Xvp
wzhX*bpuXp
An
§l]`bz{cad IlbVzhX
nZ2@93inkbofq_acj_epqXNced,WY¬*WYX¢WYfqSi s XNmCinbVz ¤@dn_jzhXzdtnilkVkVX*zªcad,¤¥inkwfq_ainkpqinbzhw*X"?y]§;{kIkIVpqbVz cad
InbVzhXNnZ2@w793inkWYilklfhzqXNcjXpªgdncjXvbVzhpinVfqX*k`bVXpªmdrzªced%W\*fqSVi s XNWbVcjfq_amC£ncaXn§o°IXw*dncaw*bVc s XNced IlbVzhX
nZ2@9Xp}f s inkwbVk:wvdnpNSt`Vzh_ s X,bofh_jca_aphdrkf¢cad kVilbVnXvcjcaX '¤¥ilkw3fh_jilk:puilbVzwXdlpqpqiow_a*XdnbKmVzhi s bV_¼f
s XNwilk`nincabofh_jilk ,wcednphpq_a¦bVX  s inkfTcjXNVbofTXvpuf s Xnil_jzTpq_caXvp*lX*kfqbVXvcjcaXvp s _j«CvzqXvkwXpªmzqig`_aX*kVkVXvkf
s bPwSdrkVlX*WYX*kf s X¤¥inkwfq_ainkPpuilbVzwXinb s bPkVinbnXvdnbmVzhi s bV_jfWbVcjfq_amC£ncaXn§
~XpnzdrmVS_a¦bVXp dnmVmCX*cacjXvklfmVcabpq_jXvbVzpTzqXvWYdnzh¦bVXpgn
RÕilbof s   dnilz s lXfw*inkfqzdr_azhX*WYX*kfªdrbVxYwvdrcewbVcepªw*cadlpqpq_a¦bVXp*ncjXwvdrcewbVcWbVcjfq_amC£ncaXWYinkfqzhX s Xvbox
_jWYmVbcapq_jilkpv s inkfc¡  bVkXmilbVz s Xvp fhX*WYmpk*ldrfq_j¤@p 2@dncjilzhpT¦bVXced\pqinbzhw*XNvW\X*f©
t = 0
93§ ¨ k
nil_¼fmdnzu¤@dn_¼fhX*WYX*kfT_aw*_IcA  X«Xf s b=pq_jlkdrcC¤@dnklfh£nWYXnV¦bV_Xp}fcaXput`WYfhzq_e¦bVX s b'pq_ankdncCzh*Xvcmdrz
zhdnmVmCinzqf$©ced s dgfqX s X cA  *lU*kVXvW\Xvkf$pqinbVzwXl§ ¨ k,caXpqbVmVmzq_aWYXªfhinbof{pu_aWYmVcaX*WYX*kf)XvkkVX mVzhX*kdnkf
mdnp¢Xvk w*inWYmofqXYcaXvp¢gdrcaX*bVzp¢_aphpqbVXvp s b8w*dncaw*bVc
WbVcjfq_am£lcjXYmCinbVz s Xp s dgfhXvp¦bV_
mVzhvwU s X*kfcad
puilbVzwXn§
 ;{kpqbV_jfqXnninkwilkp}fdgfhX ¦bVXTcaXvpHIlbVzqXp{rZj2¥9)Xf`2Aw9
pqinkf{_ s Xvkfq_e¦lbXvp{pq_oinkYpubVmmVzq_aWYXcjXpq_jlkdrc
¤@drkfq£lWYXn§
 ;{kIkÕilk lin_jf s dnkpcaX s inWdn_jkVXPfhX*WYmCinzhX*c s XK¤¥inzqfqXvp s _¼«*zhX*kwXvpX*kfqzhXKced InbVzhXKrZj2@dX9
bofq_aca_aphdrkf,ced=puilbVzhw*XwSdrmCXvdnb5X*f,cjXp s X*bVx drbVfqzhXvpzhvpqbVc¼fdgfp*§)²Kdr_ep_jc{¤@dnbof%pqXpuilbVnXvkV_az¦bVX
cad ¤¥ilkw3fh_jilk ?yª] d8*fqKwilk 
bX'mCinbzwi Akw*_ s X*zdnXw'cad5¤¥inkw3fq_aink wSdnmXdrb bVkV_e¦bVX*WYXvklf
pubzcA  _jkfhX*zhdncjcaX s X¤¥zhv¦bVX*kwX
[0,fmax]
§ ¨ k'd s ilkwNfqzdnw*¢caXvp fhzhdnkpu¤¥inzhW\vXvp s X,±inbVzh_jXvz s Xvp
wilbVzqCXvpnZpubVzced InbzqXlV§
]`_
ilk:zhX*ldnz s XcjXYpumCXvwfqzhX%w*inWYmVcaXf
[0,fc]
CilkKnil_¼f©kinbVlXvdrb=bkVX¤¥ilzufhX%zhXvphpqX*WcadnkwXXvklfhzqX
2@9Xfl02@w793ÕX*f%bVkX'w*inbVzhXl2Ad9¢fhzqUp s _j«*zhX*kfqXl§$y
drzYwilkfqzhXn)pq_ªilk fqzdnw*XbVkV_e¦bVX*WYXvklf\cad
mCinzqfq_aink
[0,fmax]
winWYWYXPpubVz\ced IlbVzhXn
inkFilofq_aX*kfV_aX*k s Xvp\zqpubc¼fdgfhp%_ s X*kfq_e¦bVXvpv§ÀcT¤@drbof
s inkwTzhXfhX*kV_az s Xw*XfqfqX*fqb s XN¦lbXcjXp{zhvpqbVc¼fdgfp{inofhX*k`bpÎw*i¡kw_ s Xvklf s drkpªcjX s ilWdr_akVXpumCXvwfqzdrcpqbVz
c¡  _jkfqXvzqgdncjcaX s XvpT¤¥zhv¦bVXvkwXpmVzhinmdnnXdrVcaXvp mdnzcjXWdr_acacadnnX
[0,fmax]
§Cy
drzwilkfqzhX¢_acep s _j«CvzqXvklfpqbVz
caXzqXp}fhX s b=pumCXvwfqzhX,dr_akpu_I¦bVX s dnkpTcaX s inWdr_akVX¢fqXvWYmilzqXvcA§
]`bz\cedInbVzhXP2Ad9$ilk d:fqzdnw*c¡  w*drzqfYzqXvcadrfq_j¤X*kfqzhX'cad5WYfqSi s X'w*cadlpqpq_a¦bVX'XfYc¡  dnmVmVzhi`wSX
W%bVcjfq_am£lcjXYX*k:¤¥inkwfq_aink s X\cad¤¥zhv¦bVX*kwXn§ ¨ k5inofh_jXvklfbVkX\XvzqzhX*bz s   X*k``_azqilk5  dnbox=¤¥zhv¦bVX*kwXvp
mzqiowSVX s X%VCX*zhzhX*bVz¦bV_ s Xpqw*X*k s Xvk s Xpqpqinbp s X.©mVzhixo_jWY_jfq s X
fmax
§I~XfqfqX\X*zhzqXvbVzmCX*bof
pqX*W%VcaX*zT_jWYmCinzqfhdnklfhXnVWdn_apT_ac¤@drbVfpqinbcj_ankVXvz¦bVX@n
 cA  X*zhzhX*bVzced\mVcjbp ¤¥inzqfqXXvpufinofhX*k`bVXpqbVzcaXvp ¤¥zhv¦bVX*kwXvpTi caX,pqmXw3fqzhXXvpufcjXmVcabpT¤@dn_jcjX  
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NdnkpcaXYwvd s zhX s   bVk8pqincanX*bz¢w*inWYmVcaXfvIw*XfqfqXYX*zhzqXvbVz¢kVXwinkwX*zhkVXY¦bVX%caXvp_akfqXvzhdlw3fq_ainkpcaXvp
mVcabpcain_aklfdr_akVXvp¦bV_Ipqinkfdrbpqpq_cjXpTmVcabpT¤@dr_aVcaXvpv§
 ]`_VcaXTzqpubVcjfhdrfÎpuXvzuf{©¢cjiow*dncj_epqX*z s Xvp$¤¥zhv¦bVXvkwXp s XTzqpuilkdrkw*Xn_acoXvpuf{dncjilzhp$`_epubdncj_epqXvk%wSVX*cacjX
cjilldnzq_jfqSVWY_e¦bVXnVX*f¢w*XvpNmilbVzu­ÀwXvkfhp s   X*zhzhX*bVzNzqXvmVzqpuXvkfqX*kfWYin_akp s XVí s w_aXvc s   w*drzqfv
wX,¦bV_Xp}f_akpq_jlkV_ICdrkfv§
»~XfqfqXX*zhzhX*bVzTmCinbVzhzhd\vnincabVXvz Xvk|}ilbdrkfpqbVzcaXvpTmdnzhdnW\U*fqzhXvp
pt
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f max0
ecart classique-multipole
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]`bzcadInbzqX'2@93{ilk d:fqzdnw*©5kVinbVlXvdnb c¡  w*drzqf%zhX*cedgfh_¼¤¢X*kfqzhX'cjXp\wvdrcewbVcepYwcednphpu_e¦bVXvp%Xf
W%bVcjfq_am£lcjXpXvkKfqXp}fdrkffhinbofhXvp¢caXvp¢puilbVzhw*Xvpmipqpq_jcjXp 2Apuil_¼f   mCilphpq_jV_aca_¼fhvp*93§ ¨ kKnil_¼f¦lbX%cedmVzh­
w*_apq_aink s b w*drcewbcÕkI  Xvpuf¢mdnpcedWY¬vW\X\pub_jgdrkf¢cadmipu_jfq_aink s XcedpuilbVzwXpqbVz¢cadpumVSU*zhX,*WYXfqfqzh_aw*Xn§
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°ª  XvzqzhX*bzÎWdgxo_jWdncjXgdnzq_aXX*kfhzqX2@X*k``_jzhinkj9TXf¢vmCinbzu­ÀwXvklfp*nXfXvcjcaXXp}ffqilbg|}inbVzpªdrfufhX*_aklfhXmCinbVz
ced¤¥zq¦bVX*kw*XYkbcjcaXn§)]obVzcad IlbVzhXY   ilk dfqzdnw*wXfqfqXXvzqzhX*bVzWdgxo_aWdrcaXYpqbVzcedPpumVSU*zhXYpqinbzhw*X
ilk¤¥inkw3fq_aink s XNced,mCilpq_jfq_aink s b s X*lzq s Xca_aXvzufh¢¦bV_C*WYXfTc¡  ilk s XXvk s _azhXvw3fh_jilk s X¢cA  drbVfqzhXNpqmVSVU*zhXn§
]VdnwSdnklf¦bVX%cedpqXvw*ink s X\pqmVSVUvzqX%Xvpufw*X*kfqzh*X%X*k
x = y = z = 6,6
WPink winkp}fdgfqX\¦bVX%c¡  X*zhzqXvbVz
cedmVcabp¢mCXfq_jfqX%XvpufNilofqXvkbXcainzpq¦bVX,cedpqbVzq¤@dnw*X,*WYXfqfqzh_aw*XXp}f¢mXvzqmCX*k s _aw*bVcadn_jzhX©cad s _jzhXvwfq_aink s X
mzqilmdrdgfq_aink\nXvzhpÎcad,pqXvw*ink s XpumSVU*zhXn§X?wilklfhzhdnzq_aigc¡  X*zhzqXvbVzÎWdgxo_aWYdncjXXvpufªinofhX*k`bVXNcjilzhph¦bVXwX*fufqX
pqbVzq¤@dnw*XNXp}ffdrkVlX*kfqX©\cad s _azhXvw3fh_jilk s drkpcedn¦bVXvcjcaXpuX¢fhzqilbVnX s Xced\pqmVSVUvzqXzhvw*X*mofhzq_ewXl§
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?`Ik s Xgdrca_ s X*zkVinfqzhX_jWYmVca*WYX*kfdgfq_aink s Xc¡  drcaninzh_jfqSVWYXYWbVcjfq_amC£ncaXdrb puXv_jk s b pqincanXvbVzmdnp
©mdnpXvk=fqXvWYmppufhdnk s drz s VkinbpmVzqpuXvkfqinkp_aw*_)¦bVXvca¦bVXpzhvpqbVc¼fdgfpmVzh*ca_jWY_akdr_azhXvpilofqXvkbpdnXw
s XvpNmdrzdrWYUfhzqXp s X\w*drcewbc 2
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)§v§*§*9kVilkKX*kw*inzhX,inmVfq_aW\_epqvpv§C°ÕX,Vbof_aw*_)kÕ  Xp}f¢mdnp s X%gdncj_ s X*z
_akfqvnzdrcaX*WYX*kfTcjX,w*i s X¢Wdn_appq_jWYmVcaX*WYXvklf s XW\ilkfqzhX*z¦bVXcA  inkPXvpufpubzcadYCinkVkX¢lin_aXn§
inbp¢bofh_jca_apqinkpbVkX\pqmVSVUvzqX s X%zdtnilk WYUfhzqX\Wdr_acjca*XYdnXw,rZ   fqzh_edrkVlcjXpX*frpqinWYWYXfp*§
°ª  dnzq¬*fqX
WYigtnXvkVkVX{WYXvpqbVzhXªon ZwW wXÎ¦bV_ s inkVkX{bVkVX{¤¥zhv¦bVXvkwX{Wdgxo_aWbVW mVzhinmdnnXdrVcaX s   Xvk`_azqilk
n ® 2@dnXwvmCin_akfhp{mdnzÎcainkVlbVX*bVz s   ilk s Xp 9§`~XfqfqXpqmVSVUvzqXXp}f_jcacjbW\_akVvXmdrzªbVkVXilk s XmVcedrkVX
dlXvwbVkmzqi Ic s X s *zh_jl*X s XNdrbphpq_jXvkVkVXNfqzdrkpqmilzufdrkfbkVX¢¤¥zq¦lbX*kw*XNWdgxo_aWdrcaX s XYr®n§V°IX
w*i`X w_aX*kf~ ±$° 2¥vldncdnbzdrmVmCinzqf
c∆t/∆x
i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f
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°ÕXvp wi s XvpªfqXvWYmilzqXvcapwcednphpu_e¦bVXvpªXf ¤¥zq¦lbX*kfq_aX*cepªpqinkfªfhinbpcaXvp s X*box s u|u©,gdrca_ s vpv§ ¨ kW\ilkfqzhX
c¡  vw*dnzufXvkfqzhXKcjXvbVzpzqpubc¼fdgfhpdIk s XKnil_jz¦bVXvcXp}fc¡  vw*dnzufd s WY_aphpq_jVcaXKXvklfhzqX s X*box WYfhSVi s Xvp
k`bVWYvzq_e¦bVXvp s _j«CvzqXvklfhXvp\mCinbVzYbVk WY¬*WYXmzqilVcjUvWYXmVS`topq_a¦bVXXfpubz%bVk WY¬*WYX'WYdn_jcacedrnXl§{~Xvcad
kinbp s ilkVkVXcedYWYdnzqlX s   XvzqzhX*bVzdlw*wXvmofhdnVcaXpqbVzw*X¢Wdn_jcacadnnXX*k
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XTX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X 2@bVkVX
s *zh_jl*X s X drbphpq_jXvkVkVX79{XvpufmVcabpª¤@dr_aVcjXl s inkwcA  _jWYmdlw3fTpubVzcjXNzqpubc¼fdgf[IkdrcCXvpufWYin_ak s zhXn§°IXNmV_aw
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fXvk¤¥zhv¦bVXvkfq_aX*c¡§BkPfhzhdlwXvk
wSdrWYmpImzqiowSVXpIinbcjil_jkfhdn_jkpÕkVilbpIzhX*kpuXv_jlkVX*zdr_jf s dgdrkfdrnXÎpqbVz$cA  XxomVca_ew*dgfh_jilk s XTwXfqfqX drkVilWYdncj_aXn§
vdnkVWYin_akp*inkkVXNw*inkpq_ s U*zhXmdnp wXvcad%wilW\WYXNbVkVXXvzqzhX*bzw*dnzced,WY¬vW\X¢wSVilpqXXp}f inpqX*zhnvXdnXw
ced'WYfqSi s XY¤¥zq¦lbX*kfq_aX*cacjXbVfq_acj_epqdnkfbk8pqincanXvbVz s _azqXw3fF2¥_¡§ Xn§IkVilk8WbVcjfq_am£lcjX893§T;Îk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fqb s X s inkkVX*zbVkXzhdn_apqink'©\w*X*cedV§
~Xpzqpubc¼fdgfhpÕpuilklfIlcjildrcaX*WYXvklfIphdgfh_apu¤@dr_epqdnkfhpv3XfÕdrmmXvcjcaX*kf)¦bVXvca¦bVXp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pqbVzq¤@dnw_e¦bVXvpÕXvpuf)CXvdnbwilbVmmVcabp$mvkdrca_aphdrkf s bmCin_aklf
s X,`bVX s Xc¡  XvzqzhX*bzinpqX*zhnvX¦lbXpu_ÕinkKdgdr_jfzqXvldnz s  s XpwSdnWYmpmVzhiowSVXvpilbPcjil_jkfhdn_jkp*§0;ÎkKX¤ä­
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?b WY¬vW\X\fh_¼fhzqX¦bVXYcedWYfhSVi s XWbc¼fh_jmC£ncaX\¤¥zq¦lbX*kfq_aX*cacjXlcjXbof s XwX*fdncjlinzh_¼fhSVWYX%Xp}f s X
s _jWY_akbX*zÎcaXvp
fhX*WYmp s Xzqpuilcjbofh_jilk%mCinbz s XvpÎmVzqilVcaU*WYXvp s Xlzhdnk s X fhdn_jcacaXn§ ;{kY¤¥zhv¦bVXvkfq_aX*c¡npubz s Xvp
mzqilVcjUvWYXvp
©bkYpqX*bc`pqXvw*ink s WYX*W%VzqXlbVkpuilcjlX*bVz$_¼fh*zdgfh_¼¤Cbofq_acj_ephdrkf{bVkVX±{²K² ilmofq_aWY_apq*X s Xv`_jXvklf
zhX*kfdrVcaX"2@mdrz
zdrmVmCinzqf$©bVk\pqincanXvbVzÕ_jfqvzhdrfq_j¤wcednphpq_a¦bVX89I©Nmdrzqfq_az s X ¦bVXvca¦bVXp)WY_acjca_aX*zp s   _akwilkVk`bVXvp
4av6¡§ ;Îk%fhX*WYmCinzhX*c¡rcjXpqX*b_jcoXp}f s _ w_acjX©vgdrcabVX*zÎd¢mVzh_jilzq_¡rpqbVzufhinbofÎ©wXpufhd s X s b s *lX*cainmVmCX*WYXvklf
s XNc¡  dncjlinzh_¼fhSVWYXn§`drkVWYin_akpv`bVkdgdrkfdrnXkVXf s X¢cA  drcanilzq_jfqSW\XNWbVcjfq_amC£ncaX¢Xp}f¦bVX¢cA  dnphpuXvWVcedrlX
s Xvp¢Wdgfqzh_ewXvp¢pqX%zhXvpufqzhX*_ak s zddrbVxK_jkfqXvzhdlw3fh_jilkpmzqiowSVXp*§]`bVzcaXYwvdnp~Xfdg¤©5  \_akwilkVk`bVXvp s X
cedKpqXvwfq_aink n§ío)cA  dnphpuXvWVcedrlXwinWYmVcaXf s XvpWYdrfqzh_aw*Xvp s bVzqX s }|u©:V =SVX*bVzhXvppubVz%bVkFy~   ®n§
?)nXwbVkX¢w*zqil_aphpqdnkwXXvk O(n2) owX*fTdlpqpqX*W%VcedrnXmCinbzbVk'w*dlp©vn§ ln_akwilkVk`bVXvpkVwXvphpq_¼fhX*zdr_jfmzqXpq¦bVXW\il_ap s XwvdrcewbVc n°ÕdWdrfqzh_aw*X s Xvpª_jkfqXvzhdlw3fh_jilkp{mVzhiowSVXvp
lin_jfpuilkwin¯Vfwzhi  efqzhXX*k O(n)2A©'fhdn_jcacjX s XY¤¥X*bV_acjcaXw*inkpufhdnklfhX79§ ¨ bofqzhXwXdr_ak5_aWYWY s _edgf%pqbVzcaXvpfhX*WYmp s   dlpqpqX*W%VcedrnXp*_acÎt5d
vldncjXvW\Xvkf s XkinWzqXvbpuXp mV_apufqXp©\XxomVcainzhX*zTmCinbVzdnbVnWYX*kfhX*zTcjXpmCX*zq¤¥inzhWYdnkwXp s b=wi s Xn§
 Cµ   `  C·5Õº¥·
$º  ilbpkVilbppqinWYWYXvpNwilkwXvklfhzq s drkpNwXwSdnmV_jfqzhXpubzcaX%w*dncaw*bVc s b
zdtnilkVkVXvW\Xvkf s   bVkKpqX*bVclXvw3fhX*bVz
An
w*inzhzqXpumCink s drkf ©YbkVXpuXvbVcjX s dgfqX
tn
2@w*inWYWYXXxomVca_a¦bV©\cad
pqXvwfq_aink8o§a793§I]`_{caXvpCi  efqXppuilklf s X\fhdn_jcacaXYpqbphdrkfqXlCilk:mCX*bofXvk`_epqdnnXvz s X\¤@dn_jzhX%zdtnilkVkVXvzbVkVX
¤¥ilkw3fh_jilk
Φ(x,t)
s !IkV_jXmdrzcad s ilkVkVvX s XYmVcjbpu_aX*bVzpmdlp s XYfqXvW\mpwinkpuwbofh_¼¤
An

An+1
Î§*§v§*
An+p
X*f s inkfcaX,pubVmmilzufpqX*zdr_jf
[tn − pt∆t,tn+p + pt∆t]
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V °)d8W\*fqSVi s X=W%bVcjfq_am£lcjXKd mCinbVzbof s XKw*dncaw*bVcaX*zcaX=zhdtlinkVkVXvWYX*kf
s   bVkX¤¥inkwfq_ainkPpuilbVzhw*X
Φ(x,t)
pubzcadYpufqzhbw3fhbVzqXmCinbVzTfhinbpTcaXvpTmdnp s XfhX*WYmpTmCilpufq*zh_aX*bVzp©YwXfqfqX
pqinbzhw*Xn§oNdnkpcaX,w*d s zqXmVcabppqmCvw_I¦bVX s   bVkKpqincanX*bz mdnp©\mdnpX*k'fqXvW\mp*Vilk'dnbVzd%_akfqvzq¬*f s drkp
caX¢mVzqi s b_¼fTWbVcjfq_amC£ncaX¢©%kI  _jkfqvnzhX*z kVilpª¤¥inkw3fq_ainkp 2@`_adcA  v¦bdrfq_aink 2¡o§  V§ 9 9ª¦bVX¢milbVzTcjX¢mVzhiowSdr_ak
mdnp s XfhX*WYmp2@w*X*cabV_¦lb_Tpv  drmVmVzh¬fhX©K¬*fqzhX_ak`nXvzhpq79ÕXf©KmzqpuXvzqlX*z,caXzhXvpufqX s Xvp%¤¥inkw3fq_ainkp s X
zd s _adrfq_aink GC mCinbzcjXpmVzhi s bV_appqbV_agdrkfhpv§
´¶l· Õµ !  :)ºä·e¸     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V¹  °ª  dlpumCXvwf%Wbc¼fh_¼­ kV_anXvdnb8X*kFXpumdlwXpqX*zdr_jfbVkVXzqXvmVzq_epqX
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